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1. The differential equation of the elliptic cylinder, often called Mathieu's

equation, may be written in either of the forms

d2y
—-+ (a+ k2 cos« z)y = 0

dz2

or
d2y

—- + (a+ k2 cosh2 z)y = 0.
dz2

It is not capable of reference to the hypergeometric type and so requires

methods peculiar to itself. The principal difficulty in the solution of the

equation consists in the determination of a number, the characteristic

exponent, which appears in the solution. It is known from general consider-

ations of the theory of linear differential equations that for the trigonometric

form of the equation, y may be expressed as

cxe2""(t>(e2i') + C2C-2"<tiKei"),

the parameters a and k2 being supposed arbitrary. The functions <f>(e2i'),

ip(e2i') are series of positive and negative integral powers of e2", and the

quantity u which is a function of a and k2 is the exponent in question, and

its determination necessitates extended developments. If p has been found

the coefficients of the series for <b(e2U), \p(e2i') must be investigated. They

satisfy a particular difference equation which is not of a simple type.

Of special importance are those cases of the equation for which there

exists a periodic solution with period it or 27r. These solutions which are some-

times called Mathieu's functions do not exist in the general case, but require

that a should have special values when k2 is given. The determination of

these values is an important problem. It is to be noticed that in these cases

the general solution referred to above is no longer valid.f Periodic solutions

present themselves in problems of mathematical physics, for example in

* Presented to the Society, San Francisco Section, April 4, 1925; received by the editors in

August, 1926.

t H. Weber, Die Partiellen Differential-Gleichungen der Mathematischen Physik, vol. 2, p. 265.

Bruns, Astronomische Nachrichten, No. 2533, p. 193, No. 2553, p. 129.
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determining the vibrations of an elliptic membrane, while the solutions which

are not periodic find an application in the theory of orbits.

The solution of the problems indicated in this summary has previously

been attempted without complete success. For the bibliography reference

may be had to Whittaker and Watson, Modern Analysis, 3d edition, chapter

xix. The most valuable references are to papers by Dougall (The solution of

Mathieu's differential equation, Proceedings of the Edinburgh Mathematical

Society, vol. 34, part 1, p. 176, 1915-16) and Whittaker (On the functions

associated with the elliptic cylinder in harmonic analysis, Proceedings of the

Fifth International Congress of Mathematicians, 1912, Cambridge). Dougall

obtains, among other results, an equation for the characteristic exponent

but not in an explicit form. Whittaker proves that the periodic solutions

satisfy an integral equation which he uses to derive the expressions for

some of the earlier cases.

In the present paper the problems stated above are treated more fully

than has previously been done. First the general case is considered. The

difference equation for the coefficients of the solution of the differential

equation is replaced by an infinite system of equations, and their solution

given in two different forms. The characteristic exponent p is shown to

satisfy an equation found in two corresponding forms.

Second, the characteristic exponent is studied in detail. The differential

equation is replaced by a Riccati equation, a particular solution of which

is found, and from this solution an explicit expression for p is determined.

This expression which is valid only within a limited range of values of

k2 leads to a form of the equation for p valid for all values of k2. It is found

that p is an analytic function of k2 when a is given, and the character of the

singular points of p is determined. The convergence of the solution con-

structed in the first part of the paper is then proved.

In the third place periodic solutions are considered. On the supposition

that they exist they are determined in two different forms. Proof is then

given of the existence of periodic solutions and a determination of all of

them is made. An equation for the parameter a is given to each of whose

roots a periodic solution belongs. This equation has no multiple roots if

k2 is real. Two expressions for periodic solutions are given in forms valid

for all values of k2. The parameters a and the solutions are analytic functions

of k*.
Finally some miscellaneous results are collected. The differential equation

is shown not to have two periodic solutions for the same values of a and k2,

and if k2 is real it is shown that each a is a decreasing function of k2. Some

indications as to the determination of the singular points of a are added.
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The general case

2. The equation of the elliptic cylinder may be written in the form

d2y/dz2 + (\k2c2 cosh 2z - s2)y = 0.

Then a solution*

y =   2Z c„e(2B+M),
—00

exists where u and the coefficients c„ are independent of z.   Substitution of

the solution in the equation gives

{(2« + co)2 - s2}cn + \k2c2(cn.x + cn+x) = 0.

If c„ is replaced by ( — 1)"C„,

(n + ¿co)2 - Is2
C„+x + C„_i-— cn.

Tsk2c2

Put $u=p, è^f, l¿e=X, and this equation becomes

(« + p)2 - r2

Cn+1 + Cn-l — -;-Cn-
X2

Let
X2

"   (n + p)2-r2~ = *" 5

then if « varies from — °o to + oo there results the system of equations

xoC_i + Co + xoCi = 0,

xiCo +    Ci + xxCt = 0,

X2C1 +    C2 + X2C3 = 0,

X3C2 +    Ci + X3C4 =0,

Any solution of this system of   equations   which   makes   23Í»c„e(2B+")*

convergent furnishes a solution of the differential equation.

3. If it is supposed that (n+p)2 — rVO for every value of », then the

infinite determinant

* Floquet, Annales de l'Ecole Normale Supérieure, 1883.
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1 Xi 0 0 0

Xi+i 1 Xi+i 0 0

0        Xi+s   1        Xi+s   0

[October

-<*)

is convergent for all values of i.  This is true since a sufficient condition of

convergence of the infinite determinant

1 + Cn Cis Ciz     • •

Ctl 1 + Css     c2s    • •

is that the series

Cll + Cis + Csi + Ciz + Css + Czi + • • •

be absolutely convergent.* This condition for the determinant (*<) is that

X2 X2 X2
+ 2 + 2;

(i + M)i - fi        (i + 1 + p)2 - r2       (i + 2 + p)2 - r
+

be absolutely convergent.   Since the terms of this series are comparable in

absolute value with those of the series

1
+

1
+ +

t*   (i +1)2  a + 2)2

the condition is satisfied. By expanding in terms of the elements of the first

row it may be verified that the determinants (xt) satisfy the recurrence

relation

(xi) = (xi+i) — XiXi+x(xi+s).

To examine the character of the expansion of (x<), consider the particular

case (*i) and let

1     xx   0   0

1     xs 0
Dn =

x2

0     0     0   0 1

be the determinant of the first » rows and columns of (xi).   Then if Dn is

expanded in terms of the last row,

Dn = Dn-i — a;„_ixnZ)n_2.

* Kowalewski, Einführung in die Determinantentheorie, p. 372.
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From this recurrence formula it is seen that the terms of the expansion of

D„ which contain xn consist of the product x„-i xn multiplied by —Dn-t,

and those terms which do not contain x„ are the terms of Dn~x. Now consider

the sum

Sn —  1 —   z2 XiXi+X +    ¿2 XiXi+XX,Xj+X —        2-. XiXi+XXjX,+xXkXk+l + • • •.
» ,><+l *>j+l,,X+l

Let the subscripts, subj'ect to the inequalities, take the values from 1 to »

in every possible way, and let the series be continued as long as it is possible

to construct terms in which no subscript is greater than ». Then the terms

of 5» which contain x„ consist of the product x„_i x„ multiplied by —Sn-i,

and those which do not contain x„ are the terms of Sn-i- Moreover Si=Dx,

Si=Di, etc.   Therefore Sn = Dn.

The determinant (xi) which is infinite has therefore the formal expansion

1 —    2j xiXi+i +    ¿2 XiXi+iXjXj+i. —  • ■ •
» j><+i

where the numbers i,j, • ■ • are any succession taken from 1, 2, • • • subject

to the inequalities. Since this series is convergent it is an integral function

of X of the form

1 + a*X4 + a8X8 + • • • .

Though not relevant to the subj'ect it may be noticed that the number of

terms of a given order in Dn is figúrate. If/„,r denotes the »th figúrate number

of the rth order, the number of terms of order 2p in Di„ is/2„+i_2,>,p+i and in

An+i is /2„+2-2p,p+i, 0<£ — «. These are included in the statement that in

Dn the number of terms of order 2p is/„+i_2P,P+i, 0 <2p ¿|».

4. A solution of the system of equations for C< (§ 2) such that C„—»0 as

»—>oo can now be obtained.   Consider the first » equations for which ¿è0:

*iCo + CX+ xiCi = 0,

xtCx +    Ct + xiCi = 0,

XnCn_i + Cn+ XnCn+l =  0.

If it be assumed that C.-^O, ¿^0, Co may be put equal to unity.  Then the

value of G is given by

- xi xi   0    •    •    • 1   xi   0   0   •    •    •

0 1   i¡   ■    •    • x»   1   xt   0    •    •

- xnCn+i   0   0    •   xn   1 10   0   0    •    •   xn   1
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-  Xi

1   Xs   0

Xz   1   Xz

0    0    0

1   xi   0    0

Xs   1   xs   0

Xn     1

+ ( -  l)"Cn+iXl ■ ■  ■  Xn

The product Xi

0     0     0-       •     Xn     1

*„—>0, «—>oo, and the determinant

1   xi   0   0   0

xs   1   xs   0    •
(*i) •

0   0

Hence if C„+i is bounded

Similarly if G = l,

Ci =

Cs =

— xi(x2)

(*i)

-   Xs(Xz)

It follows that

Co'.Ci'.Cs'   - - -  '.Cn'.   '

= (xx): — xi(xs) : xixs(x3) :

(xs)
etc.

:(— l)n*i • • • *B(a;n+i):

is a system of values of the ratios of C< satisfying the given system of

equations. Since (xn+i)—»1 as m—xx^ and Xx ■ ■ ■ x„—>0 as «—>oo, it follows

that C„—>0 as n-*<x>. That the above ratios furnish a solution of the equations

may be verified by direct substitution, and by making use of the recurrence

relation

(Xi)  =  (Xi+i)  —  XiXi+i(Xi+s) .

It is then evident that the restriction C.^O may be removed.

The system of ratios for C< may be extended to negative values of i

by letting C_„ correspond to
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(-   l)"(*-n+l)

*-n+l -  •  -  £-1*0

This may be verified as before by substitution in the equations.  The coeffi-

cients C±n are meromorphic functions of X.

In order to obtain a solution of the differential equation, C_» must ap-

proach zero. This condition is not fulfilled independently, but depends upon

the value of p, the characteristic exponent. It is evident from the value

of C_„ that (x-n) must approach zero, »—>°o. The product z_„+i • • • *_i*o

which occurs in the denominator tends to zero. Hence the numerator must

tend to zero more rapidly to satisfy the requirement. Then p must be a root

of the equation

where the determinant is infinite in both directions.

5. The system of equations for C„ may be transformed with advantage.

Put C„ =/(«), and the equation to be transformed is

(» + p)2 - r2

f(n + 1) + f(n - 1) = *-¿-/(»).
X¿

If M+jU = Z,

f(z-p+l)+f(z-p-l) = *—¿-f(* - rO,
A

or

tj>(z + 1) + tp(z - 1) =
z2 - r2

X2

-*(*),

wheref(z—p)=tp(z). If

tj>(z) =
X22

U(z + r)U(z - r)

there results the equation

X2*+2

vz,   n(z) = r(z + i),

Vz+l +
n(z + 1 + r)U(z + 1 - r) n(z + r - l)II(z - r - 1)

»«-i

z2- r2

X2      n(z + r)n(z - r)
v.,
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or
X4

(z + r)(z + r + l)(z - r)(z - r + 1)

Changing z into z+1 this equation becomes

X*

Vt+X + t>_i = V..

v,+i = —
(z + r+ l)(z + r + 2)(z - r + l)(z - r + 2)

If a proper solution of this difference equation is chosen, then

^2n+2/i

»«+»•

C. = /(«) = 4>(n + p) =
n(» + p + r)U(n + p- r)

The difference equation may be written

X4
Vn+n — »n+H-1  —   —

or if «„=»„+„=»«,

«» - «n+1 =   -

"n+M-

(n+p+r+l)(n+p+r+2)(n+p-r+l)(n+p-r+2)
»»+,■+»,

:««+»•
(«+«+r+l)(»+a+r+2)(»+«-r+l)(»+U-r+2)

Let »=0, 1, 2, • • • , and put y»+i for the coefficient of Wn+S ; then there results

the system of equations

— «o + «i + yi«2 = 0,

— «i +    m2+ yiui = 0,

—    «2 +    «3 + yzUi = 0,

The determinant

1

- 1

0

yi 0 0 •

1 y2 0 •

1    1   y3   0

is convergent. This may be proved as follows. Let En denote the determinant

of order » formed with the first » rows and columns of this infinite deter-

minant. Then

En = i + 2~2yi + IIvíVí + Hyiy>yk H-

where the summations are extended to all products in which no consecutive

y's occur, and the series is continued as far as such products can be formed.
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This expansion may be proved by induction. By expanding £„+J in terms

of the last row, it foUows that £n+2=£B+i+y„+i£B. Moreover JEi«l,

Es = 1 +yi, Ez = l +yi+y2, £4 = 1 +yi+y2+ys+yiys. If the terms of E* are

divided into the classes of those which contain y„_i and those which do not,

the rule of formation of the terms of E„ is verified. To prove that £» ap-

proaches a limit as «—>oo, consider the series

E- 1 + Zyx+ T,yxyi +•- ,

where »,/, • • • —1, • • •, 00, ij¿j, etc., and no consecutive y's occur in any

product. This series is absolutely convergent, for if the absolute values

|y<| are taken and the restriction as to non-consecutive y's removed, the

series becomes the expansion of

(1+ |yi|)(l+ |y2|)---

which is a convergent product. This is evident since

£ I y» I = I *41 E |(w + /1 + r)(M + Jlt + r+i)(w + M-r)(„ + M_r+i)|

is a convergent series. Hence since ¡E—En\—*0, «—>», £„—>E which was to

be proved.

6. It is found that a solution of the system of equations for m» exists such

that Un—»1 as »—»00. If

[*]-

1       yi   0   0

- 1       1   y2  0

0-1    1   yz

this solution will be shown to be Wn=[y„+i]. Since the determinant

[yB+i] = l + X)yi+ • • • where i>n, and since the element yp-*0 as p—»00,

then [yn+i]—»1 as »—><».  By expanding [y„+i] in terms of the first column,

- b»+i] + hn+s] + y»+i[y»+s] = 0.

But this equality is the result of substituting u„= [y„+i] in the equations

for Un. Hence un= b>n+i] is a solution of the equations, and «»—»1, »—»00.

The ratios of the coefficients C„ are then given for all values of « by the ex-

pression

Cn = PTl(n + p + r)U(n + p-r)[yn+l]
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where p is independent of ». These expressions for C„ are not equal to those

given above (§4) if p = 1.

It is then evident that p must be chosen so that [y„]—»0 as «—> — °o, or

p must be a solution of the equation

1        1      y_i   0   0

0-1       1     y0   0

0-1      1   yi

= 0.

It is necessary to prove the convergence of the series assumed as the

solution of the differential equation. For convergence p must satisfy the

equation already obtained in two forms. It remains to show that this con-

dition is sufficient for convergence. The proof of this fact is postponed until

HI.
If («+P-)2—r2 = 0 the form given for the ratio of the coefficients becomes

indeterminate but this indétermination may be removed. For if p +p ±r = 0,

p>0, the functions

(- l)»(x_n+,)
(- l)nXi • • • x„(x„+i)

#-n+l X_lXo

may be multiplied throughout by p+p + r which gives a set of finite values

when p+p±r = 0.  lip+p±r — Q, p^O, the numerator and denominator of

(- l)"(x_n+i)

*-n+l X_iXo

may be multiplied by p+p±r which gives finite values when p+p±r = 0.

The equations for p will be replaced in the next part of this paper by an

equation the terms of which are determinate if p+p±r = 0.

THE  CHARACTERISTIC EXPONENT

7. The exponent p is the root of a transcendental equation which has

been given in what precedes in two different forms. The determination of p

can however be effected in a different manner, which allows the construction

of an explicit expression of at least a branch of p. It will be proved that p

is an analytic function with multiple determination of the principal parameter

k% of the differential equation. It is found simpler to take the differential

equation in the form
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d2y
—-= (\ cos2 z + h2)y,    \=-k2,    h2=-a.
dz2

Regarding A as a constant and X as a variable, a branch of p will be found as

a convergent series of powers of X, provided h is not equal to certain excep-

tional values which will be determined. When h has these exceptional values

the proper expression for p will likewise be found.

Whatever h, the solution of the differential equation will first be proved

to be an integral function of z and X, expressed as an absolutely convergent

series of powers in each. This follows from the determination of the coeffi-

cients of a series of powers in z satisfying the differential equation. For

if y = ao+aiZ+ • • • where a0 and ai are arbitrary, the remaining coefficients

at, ■ • ■ are determined by comparison from

2a2 + 6a8Z + • • ■ = (X cos2 z -+- Â2)(a0 + axz + atz2 +•••)•

Hence
2a2 = A2ao,

6a3 = h2ai,

12a4 = A2a2 + Xa0,

The series for y determined in this way is known to be an integral function

of z for all values of X, h2, a0, ax. The coefficients a„ are polynomials in X

whose coefficients depend upon a0, ai, h2, and upon the coefficients of the

expansion of cos2z.   If a comparison is made with the differential equation

d%y
--= [X(cosiz)2+ |A2|]y,
dz2

and if initial values \a0\, \ax\ are taken, a series will be found for y whose

coefficients are polynomials in X, which are determined in a manner similar

to those above. These polynomials in X have positive coefficients whose

values are greater respectively than the absolute values of the corresponding

coefficients in the determination of y. But the series for y is likewise an in-

tegral function of z. Hence the series for y is one whose terms admit arbitrary

redistribution whatever z, X, a0, ax, h2, and so is an integral function of z

and X.

Let yi=/i(2), yi=ft(z) be two independent solutions of the differential

equation.   Then if

yi = fi(z + it) , yl = ft(z + it) ,

y I = anyi + ai2y2, y2; = a2iyi + aayt.
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A solution* Fi = Ciyi+c2y2 may be found such that

Yi = vYi where Y{ = Cxfi(z + t) + c2/2(z + r).

The quantity v is a root of the equation

flu — v     Œ21
= v2 — (an + a22)f + ana22 — ai2a2i = 0.

ai2 a22 — v

But since the general solution of the differential equation is of the form

yi = Cie>"tp(eui) + c2e-"V(e2"),

the values of v must be e" and e-**, so that their product is unity. Hence

ana22 — aisOsi = 1. Therefore v is a root of the equation

v2 — (an + ai2)v +1 = 0, or 2v = au + a22 ± [(an + a22)2 - 4]1/2.

The solution Fi = Ciyi+e2y2 which satisfies the condition Y{ =vYi is then

given by Fi = a2iyi+(j'—an)y2. The solution Ys = Osiyi+(l/v — an)y2 also

satisfies the similar condition F2 = (l/i»)F2. If a2i = 0, then

Fi = y2,    Y s = (an — a22)yi + aXiys

are solutions satisfying Y{ =a22yi, F2 =any2.

The coefficients an, Oi2, a2i, a22 are functions of X determined by the

two equations

/i(z + *) — axifi(z) + aXsfs(z),

fs(z + tt) = a2ifi(z) + ai2fs(z) ■

If

then

fl(z) =  Oo + OiZ +  •

fs(z) = bo + biz + • ■

fi(z + ir) = A0 + AiZ +

fs(z + r) = Bo + Biz + ■

Ao = Onao + ai26o,

Bo = a2iao + a220o,

Ai = anai + aisbi,

Bi = a2iOi + a22ôi,

* Goursat, Analyse Mathématique, 2d edition, vol. 2, p. 470.
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and
A0bx — Axbo — Aoax + Axa0

axx =-, ai2 =-;
aoôi — ai&o aofti — aiôo

Bobx — Bxbo — Boax + Bxao
atX =-, a22 =-•

aoOi — axbo aobx — axbo

aobx—axbo7¿0, since the solutions fx and /2 are independent. Hence axx,

aX2, OiX, On are integral functions of X. Since 2»> = an+a22± [(axx+On)2—4]1'2,

the value of v may be written

2v = P(\) ± [(an + an)2 - 4 + GX + C2X2 + • ■ -]1'2

where an, a 22 are the values of axx, a22 whenX=0. If (a°i+a22)2—4^0 the rad-

ical may be expanded in powers of X, and 2v =P(X) ±Pi(X). The series F"i(X)

is convergent if

IGX + CsX2-!- ■

(axx + a)li — 4
<1,

and a quantity a may be determined such that this condition is fulfilled if

|X| <<r. If X=0 the solution of the differential equation is y = cie**+c2e-**,

and the values of v are ehT, e~hT. Hence

au + a22 = ehv + e~hr = 2 cosh hir.

If (an+a22)2—4=0, then ehT= ±1, or hw = 2niri, or (2»+1)7tí. These give

exceptional values of h, which will for the present be excluded from the

discussion.

The solutions

Fi = a2iyi-f (v - axx)yi}

Yi = a2iyi + (1/v — axx)yi, aiX ?* 0,

must reduce if X = 0 to multiples of e** and e~h'. The solutions Fi and Yt

do not both vanish identically if X = 0, for since yi, y2 do not both vanish

identically this would require that O2i = 0, v—axx = 0, l/v—axx=0. But the

last two are contradictory, since vj^l/v unless h is an exceptional value.

Hence

Yx = mxeh' + \Px(z,\),

Y 2 = mte-h* + \Pi(z,\),

where »ii and nh are independent of z and X, and mx and «t2 are not both equal

to zero. If «tiT^O, divide by »h and there results a solution of the differential

equation



660 J. H. MCDONALD [October

Pi(z,X)
y = «»■ + X-= eh' + \Qi(z,\).

mi

Let Z = y'/y where y' denotes differentiation. Then

A**' + XQi(*,X)       e~h'[hek' + \Q{(z,\)]

e"' + Xf2i(z,X) 1 + Xe-*^i(z,X)

Let p be an arbitrary quantity; then r<a can now be determined such that

| Xe-**Qi(a,X) | < 1    when     \z\ < p,     | X | < r.

Hence if \z\ <p, ¡X| <r, the fraction for Z may be expanded in powers of X,

or Z = A+ZiX+z2X2+ • • • . To verify this statement it will be noted that

since the series for a2i, v, an, yi, y2 are all absolutely convergent, if |X| <a

and \z\ <p, the expressions for Fi, F2 are absolutely convergent series for

the same values of X and z. That is, if Yi=YlJ2amnZm\n, T,1l\amn\zm\n is

a convergent series, so that an arbitrary arrangement of terms is ad-

missible. Under the same conditions the series for 1+Xe-A* Qi(z, X) is

absolutely convergent because

1 + \e->"Qi(z,\) - erh*[e»' + \Qi(z,\)},

and both factors of this product are absolutely convergent. Finally the

series for [1 +\e~h'Qi(z, X)]-1 is absolutely convergent if |X|<t where t

is determined as follows. In Qi (z, X) let all of the coefficients be replaced by

their absolute values and let the resulting series be denoted by Qi (z, X).

Then determine r<a so that T*e|;,|pQi(p, t) <1.  Then evidently

| Xe-*«Qi(*,X) | < 1    if    |X|<r,     \z\<p.

The series

1 + Xel"i'ëi(z,X) + \2eWQî(z,\) + ■ ■ ■

is convergent, and the terms in the expansion of \nen\hU Qin(z, X) have positive

coefficients. Hence finally the series

1 - he-h'Qi(z,\) + \2e-2h'Qi (z,X)

is convergent and admits arbitrary rearrangement of terms.

8. If Z=y'/y,Z satisfies the Riccati equation Z' +Z2=Xcos2z+A2, and a

solution Z of this equation has been found. If this solution is Z = h+Zx\

+Z2X2+ • • • , the coefficients Zi, Z2, etc. may now be determined by sub-

stitution in the differential equation, and by comparison of coefficients of

like powers of X.   There results the system of equations
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Z{ + 2hZx = cos2 z,

Z{ + 2hZi + Zi = 0,

Zl + 2hZi + 2ZxZt = 0,

Zl + 2hZi + Zi + 2ZxZo = 0,

Zl + 2hZo + 2ZxZi + 2ZXZS = 0,

This is a system of equations which may be solved, the complementary

function in each case being cer2hi. But the solution Z is a periodic function

of z with period ir. Then the coefficients Zx and Zt must be periodic, and

since the particular solutions of the equations for Z are periodic, the comple-

mentary functions must in every case be omitted.    It is found that

1 sin 2z + A cos 2z
Zi =-H-,

22A 2*(1 + A2)

and in general Z„ equals a finite series of sines and cosines of even multiples

up to 2«z, i.e.

Z„ = bn.i + o».i sin 2z + &„,, cos 2z + • • • + &„.*, sin 2»z + o„,i»+i cos 2nz,

where the coefficients ¿\, are rational functions of A.

9. The general solution of the differential equation

d2y
—-= (\ cos2 z+h2)y
dz2

may be taken in the form

y = Cie2""cKe2") + c2e-2"il^(e2"),

where <f> and ^ are series of positive and negative powers of e2". It is evident

that j> = e2*r<, or e-2""'. The Riccati equation Z'+Z2=\ cos2z+A2 is satisfied

by y'/y whatever Ci and c2. If Ci = 0, or c2 = 0, y'/y is a periodic function of

z of period t and in no other case. Hence the function Z of the preceding

discussion must correspond to one of these cases, and since the sign of /x has

not been fixed, it may be supposed that it corresponds to c2 = 0. Hence

Z = 2pi+<b'/<f>, where <j>' denotes differentiation with respect to z. Therefore

2pt + 4>'/<t> - A + ZX\ + Zi\2 + • • • .

The series on the right has been determined and is a uniformly convergent

series of functions of z if |X|<r, |z|<p. Since p is arbitrary it may be

supposed that p > it.  Integration with respect to z from 0 to ir gives
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- 4,'
¿Tpl+     I

The value of

2icpi +   f    — dz = ich + X  f Zxdz +
J 0        tj> J o

JZ„dz = ira.,!
o

since the integrals of the trigonometric terms vanish.  Hence

2pt + — I     — dz= h+    £   aBllX».
T   Jo        <P n-l-.-eo

C tj,' 1 y     logl
I     —dz = — log £     =-■ 2«i,

Jo        4> If Jo IT

But

since xp has the period it. FinaUy

2pi + 2ni - A +    £   ¿B,iX-,

a series for p convergent if |X | < t. The integer « is in the nature of the case

not determined, since in the form of the general solution of the differential

equation 2pi may be increased by 2«i.

A similar series for p will be found if the differential equation is taken in

the hyperbolic form

d2y
—L=- (Ä2 + Xcosh2z)y.
dz2

Substitute z = iz' and the equation becomes

d2y
-/- = (Ä2 + X cos2 z')y.
dz2

This equation shows that a series giving p for the hyperbolic form may be

derived from the series which gives p for the trigonometric form by changing

the sign of X and replacing h2 by —h2. For the trigonometric form^of the

equation p is given by the series

1 3h2 + 2 5Ä« + 10A* + 7A2 + 2
2i(p + ») = A + —X--X2 +-X»

22A       26A«(1 + A2) 28A6(1 + A2)»

175A12 + 1750A10 + 6027A8 + 8876A6 + 7048A4 + 3264A2 + 640

2"A'(1 + A2)<(4 + A2)2 X*
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For the hyperbolic form of the equation p is given by the series

j _ 3^2 .j- 2
2*0* + *) = ih-X H--X2 H-.

K 2Hh        2W(1 - A2)

It is evident that within the range of convergence of these series the value

of p is real for the hyperbolic case and a pure imaginary for the trigonometric.

If A has one of the exceptional values 0, ±ni the equations for Z,- take

a different form. Suppose A = 0; then Fx, F2 are series of powers of X1'2

(§ 7) and

Z = ZiX1'2 + z2\-\-.

The differential equation Z'+Z2=\ cos2 z gives the system

Zi' = 0,

Zi +ZX2 = cos2z,

Zi + 2ZxZi = 0,

Zl +Zi + 2ZXZ3 = 0,

These equations must have a periodic solution.   The first equation gives

Zi = c, and substituting in the second it is seen that

/ 1 \       sin 2z
Z2 = ( - c2 + — )z + —— + c' ;

hence c = 1/21/2. Similarly

21'2 cos 2z
Zi =-2»/Vz + c",

8

and c' = 0. If this value of Z3 is substituted in the next equation

(1                 \        sin 4z      sin 2z
— + 21'2c" )z +-+ c'".
32               )         128           8

Hence c"= -l/(21'2 • 32), etc.   Finally

X1'2     sin2z        /21'2cos2z 1      \   3/2

21'2 4 \      8 21'2«32/

(sin 4z     sin 2z\
-)X2 +

128           8   /
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The value of p may be found as before and is given by

X1'2 X3/2

2iri(p + n) =-\----.
21'2     21/2'32

When A has one of the other exceptional values it becomes necessary

to have recourse to the equation given hereafter for p(§ 10), the coefficients

of which become indeterminate for the exceptional values, but the indéter-

mination can be removed in the usual way.

10. It will now be proved that the exponent p may be determined by an

equation involving a series convergent for all values of X. It has been shown

(§ 7) that «„= [y„+i] satisfies the equation

«n —  U„+i  =   yn+l«n+2-

If Un = vn+h = v, then

X4

v. - v,+i - - {z + r+ 1)(z + r + 2)(z _ f + 1)(z _ f + 2yf.+2-

If
X2«

tb(z) = -ti,,
n(z + r)n(z - r)

then tp(z) satisfies the difference equation

tp(z + 1) + <p(z - 1) = ^—-- tp(z).
A

If
f(z) = tp(z)tp( -z-l)-4>(~ z)tb(z + 1),

then it may be shown that/(z)=/(z —1)=/(—z). This is evident since

<f>(z) satisfies the equation above. If the sign of z is changed, <f>(z) satisfies

the equation

2 2

tp( - z + 1) + cb( - z - 1) = Z—^~ tp(-z).
X2

If (z2—r2)/X2 is eliminated the éliminant is

tp(z)tp( -z-l)-tp(- z)tp(z + 1) = tp(z - l)tp( - z) -tp(- z + l)cb(z),

or f(z)=f(z — 1). It is evident at once that f(z)=f(—z). If z is replaced in

turn by p and by n+p it follows that

tj>(p)tt,( - m - 1) - <p( - p)tt>(p + 1) = <p(n + p)<p( -n- p- 1)

- tf>( - n - p)tj>(n + p + 1).
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If p is a solution of the equations (§§ 4, 6)

= 0,

665

and

0-1       1    y0 0    •

0-1    1    yi 0
= 0,

the quantities ¡b(n+p), $(—«—p)—>0 as «—>°°. This is evident for <b(n+p).

It is also true for (¡>(—n—p), because from the form of the equations for p

it is seen that if p is a root of the equations, — p is also a root, p is in fact a

value such that 0(«— p)—»0, <b(—n— p)—>0 when »—»<». The function/(p)

must then equal zero, or p satisfies the equation

4>(p)<p( - p-1) -d>(- p)(b(p + 1) = 0.

This equation in p if transformed by the introduction of the function v,

takes a simple form.   For since
X2«

<6(z) =

W =    lim |-
n —» (n(«

-*«,
r(z + r)ir(z — r)

\-2Vn+2V^n-t-l

+ z + r)U(n + z- r)n( -M-z-l+r)n(-»-z-l-r)

\2V-n-iVn+e+l

U(-n-z + r)U(-n-z-r)U(n + z +

Now if «—> — », v-n-z and v-.n-z-i-^l, and

l + r)n(« + z-f-l-r)  j '

»n+»

1 1

0 -  1

0       0

y-i 0 •

1 yo •

1     1    yi

the infinite determinant of § 6.   Moreover, since

U(z)U( - z- 1) =
sin irz



666

then

j. h. McDonald

x-2

[October

n(» + z + r)n(« + z - r)n( - « - z - 1 + r)n(- » - z - 1 - r)

sin 7r(z + r) sin 7r(z — r)

7T2X2

and
X2

n( - » - z + r)n( - « - z - r)U(n + z + 1 + r)II(» + z - 1 - r)

X2

" T2(n + z + 1 + r)(n + z + r)(n + z + 1 - r)(n + z - r) '

If these results are substituted in the expression for/(z) it follows that

/(«)-
sin ir(z + r) sin 7r(z — r)

x2X2

1 1 y_i 0 •

0-1 1 yo •

0       0 -  1    1    yi

= 0.

The determinant may be developed in a series of powers of X, the coefficients

of which are of the form given by the construction of [y„]. The equation for

p takes the form

(1 + a4X4 + asX8 + • • • ) sinir(it + r)sinx(p — r) = 0 .

This may be written cos 27r¿u = cos 27rr—2a4X4+2¿»8X8— • ■ • , where bt —

—at sin ir(fj.+r) sin tQí—r), and similarly for bs, ■ ■ • .

The coefficients a4, • • • are independent of p.   The coefficients aiq may

be written

( - i)8 L 2-1 yv,xPi+Pi

j>a=2
Vp,+P¡+ ■■• +Pf

The function of p under the summation sign is a rational function of p

having 4a poles for 2a of which p+r is an integer, and for the other 2q,

p—r is an integer. If a residue at a pole for which p—r is an integer is d,

the residue at a pole for which p+r is an integer is — d, since aH is periodic

with period unity. Hence

ö4i = ( — l)a7r[cot t(p — r) — cot ir(p + r)]d + C,

where C is independent of p. If p = il, then as Í—►<», a«„—>0, cot ir(jx— r)

—cot ir(p+r)-+0, so C = 0.   Hence
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( - 1)« sin 2rir
fl4«= ~—,—r~v~-—}-7 d'

sin t(p + r) sin ir(p — r)

or biq = ( — 1) « d sin 2nr, which is independent of p.

The form of the coefficients 6 may be found more precisely as follows.

Let p=r+CiX4+ • • • =r+w, where the coefficients are those of the branch

of p previously determined (§ 9) ; then

cos 27r(r + w) = cos 2irr cos 2irw — sin 27rr sin 2irw

(2irw)
= cos 2irr

(        (2tw)2 )

(              (2tw)* )
— sin 2irr < 2-KW-!-•••/■

If w is replaced by its value as a series in X the coefficients o may be de-

termined, and they are found to be of the form

04« = Cq(r) cos 2irr + Sq(r) sin 2?rr

where Cq(r), Sq(r) are rational functions of r. Hence finally

cos 2irtt = cos 2irr -f   ^ ( - l)«{Cj(r) cos 2irr + Sq(r) sin 2irr}x4« .
í-i

This equation is valid for all values of X.

If r has one of the exceptional values, viz. if 2r = 0, ±» the form of the

functions Cq, Sq must be modified. The modification is found by evaluating

the coefficients Cq(r), Sq(r) which are indeterminate. If r = 0 the correspond-

ing branch of p which is found in § 8 may be substituted in the equation for

p giving in another way the result for this case.

11. The proof of the convergence of the series e^'Y^Zcne2"* which was

postponed in § 6 may now be given. Consider the terms of the series

X,00 cne2n'. The ratio of the (»+l)st term to the »th gives

Cn+ie2^»' Xn+l(Xn+t)e2'

ce2"' (xB+i)

(see § 4). From the expansion of (x„) in a series

(X„) = 1 —    2~1 XiXi+X +   2~li XiXi+XXjXj+X —    • . .
i i>i+l

and from the value of xit
-X2

Xi = -)
(« + p)2 - r2
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it is evident that (xn)—>1, «—*°o.   Hence

Cn+l X2
-e2* =-e2z(l + e)-»0, «-» oo ,

c„ (W+1+M)2_r2

for every value of z.   Therefore the part of the series where « is positive is

convergent.

The series 2Zo°° c_„e-2n* is likewise convergent,  p being a root of the

equation

4>(p)<p( - p - 1) - 4>( - m)*0* + 1) = *(» - m)*( - » + m - 1)

-t¡>(-n + p)<p(n - p + 1) = 0 ;

because the ratio

C_„_l <K - « + M - 1) </»(« - M + 1)
-e-iz   =-e-2z —-e-2i

c_„ 0( — « + p) tp(n — p)

X2

(n + 1 - p)2 - r
e~2'(l + e)^0, ra-> oo.

Hence the series e2"'^. Cne2"1 is convergent for all values of z and therefore

satisfies the differential equation.

12. The form of the equation

00

cos 2ttm = cos 2irr +   2~2 ( ~ l)"{C„(r) cos 2irr + Sn (r) sin 2irr }X4n
n-l

permits the determination of the character of the singular points of p

regarded as a function of X. The singular points will evidently be those

values of X which make the right hand side equal to ± 1. Let X0 be such a

value. Then the equation becomes

cos 2wp = ± 1 — ai(\ — Xo) + • • • ,

or taking the plus sign

2 sin2 icp = ai(X — Xo) + • • • .

Therefore sin irp = (ai/2)1'2 (X-X0)1/2 [l+oi (X-X0)+ • • • ]. By inversion

of series

p = Ci(\ - Xo)1/2 + Cz(\ - Xo)3'2 + • • • .

Hence the point X0 has the character of a critical point. If cos 2irp = — 1 —

ai(X—Xo)+ • • • a similar result follows.
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The periodic solutions

13. That the differential equation of the elliptic cylinder has solutions

in certain cases which are not of the form which has been supposed as the

general one is usually assumed. A proof of the existence of these solutions

is given in § 17. These solutions occur when the parameters X and r have

particular relations to each other, and there exists a solution which is

periodic with period iri or 2iri. Taking the equation in the trigonometric

form it will be written in what follows as

d2y
-(- (a + k2 cos2 z)y = 0.
dz2

The problem is to determine a in terms of k so that the equation has a solution

which has the period x or 27r. It was proved by Whittaker that the even

periodic functions satisfy the integral equation

y(z) + X  f e* «o» « °°8 ty(6)d9 = 0,

that the odd periodic functions satisfy the equation

y(z) + X  I   sin (k sin z cos 0)y(0)d0 = 0,

and that both satisfy the equation

y(z) + X I    eik »in 'ain "y(d)d6 = 0.

These equations have solutions only when X satisfies the equation D(\) =0,

the equation for the characteristic numbers in the theory of integral equa-

tions.

When A = 0 the solution of the differential equation of period ir or 27r is

obtained by supposing a to be the square of an integer; these solutions

being 1, cos z, sin z, cos 2z, sin 2z, • • • . When k^0 there exist solutions

for proper values of a which reduce to these if A = 0. These are denoted by

ce0(z), cei(z), sei(z), ce2(z), se2(z), etc.

These solutions could be calculated from the integral equation if X were

known. But it was shown by Whittaker that the early members of the

succession of functions can be found without knowing X. His method succeeds

as far as ce6(z), se6(z) but cannot be carried further, since to obtain the

terms of the Fourier series for ce„(z), se„(z), » è7, requires the solution of a

system of linear equations which involves a greater number of unknowns
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than of equations.  This system might be extended to an infinite one but it

is not possible to obtain the solution.   Another method must be followed

which is exemplified by the following determination of ceo(z).

14. Let

y = ceo(z) = ao + as cos 2z + at cos 4z + • • •

be a solution of the differential equation.   Then differentiating and sub-

stituting there results

— a(a„ + a2 cos 2z + a4 cos 4z +•••) = — 22a2 cos 2z

-42a4 cos 4z - • • • + ¿2[a0/2 + (a0/2) cos 2z + a2/4 + (a2/4) cos 2z

+ • ■ • + (a2r/4) cos (2r - 2)z + (a2r/2) cos 2rz + (a2r/4) cos (2r + 2)z + • • •   ].

Equate coefficients of cosines of Uke multiples of z and the following equations

are obtained:

(a + A2/2)a0 + (A2/4)a2 = 0,

(A2/2)a0 + (a + k2/2 - 22)a2 + (¿2/4)a4 = 0,

(¿2/4)a2 + (a + k2/2 - 42)a4 + (¿2/4)a, = 0,

(¿2/4)a4 + (a + k2/2 - 62)a, + (¿2/4)a8 = 0,

D2 =

Dz =

= (a + ¿2/2)2 - 22(a + k2/2) - 2(A/2)4,

(¿2/4)a2n_2 + (a + k2/2 - 4«2)a2n + (¿2/4)a2B+2 = 0,

It is necessary to consider the determinants

7>i = a + k*/2,

a + k2/2 k2/4

k2/2     a + k2/2 - 22

a + k2/2 k2/4 0

k2/2      a + k2/2 - 22 A2/4

0 ¿2/4 a + k2/2 - 4s

= (a + k2/2)3 - (22 + 42)(a + k2/2)2 + (2242 - 3(A/2)4)(a + A2/2)

+ 2-42(A/2)4,

a + k2/2 k2/4 0 0

k2/2     a + k2/2 - 22 A2/4 0

0 A2/4 a + ¿2/2 - 42 ¿2/4

0 0 *2/4 a + A2/2 - 62

Z>4 =
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= (a + k2/2Y - (22 + 42 + 62)(a + A2/2)3

+ (22-42 + 22-62 + 42-62 - 4(A/2)4)(a + ¿2/2)2

_ {2s.42-62- (22-r-2-42 + 3-62)(A/2)4}(a-r- A2/2)

- 2-42-62(A/2)4 + 2(A/2)8,

a 4- A2/2 A2/4 0 0 0

A2/2     a+A2/2-22 A2/4 0 0

0 A2/4 a+A2/2-42 A2/4 0

0 0 ¿2/4 a + A2/2-62 A2/4

0 0 0 k2/i a4-A2/2-82

= (a + A2/2)6 - (22 + 42 4- 62 + 82)(a + A2/2)4

+ {22«42 + 22«62 -|- 42-62 4- 22«82 -|- 42-82 4- 62«82

- 5(A/2)4}(a4-ife2/2)3- {22-42-62-(-22«42-82 +22-62-82

+ 4s.62.82 _ (2-22 4- 3«42 + 3-62 + i-S2)(k/2)*}(a+ k2/2)2

+ {22'4*«62'82 - (22«42-(- 22-824- 22«42«62 + 22«42«82

+ 32-62-82)(A/2)4-5(A/2)8}(a4-A2/2)

+ 2-42-62-82(A/2)4-(2-424-2-82)(A/2)8.

These determinants are connected by the relation

Dn = {a + k*/2 - (2» - 2)2}Dn-i - (A2/4)2Z?„_2.

as may be verified by expanding D„ in terms of the last row. The quanti-

ties Dn regarded as functions of a have the characteristics of a Sturmian series.

Dn is of the «th degree in a, and the coefficient of a" is 4-1. Moreover it is

evident from the recurrence relation if ZX,_i = 0 that D„ and Dn-2 have op-

posite signs. Denote the number of variations of sign when a is put = + <»

in the succession DnDn-i ■ ■ ■ DXD0(DQ = 1) by F+00 and when a= —«>

by V-„, and it is evident that F_„ — V+„ = n. Hence the equation Dn = 0

has « real roots ; it also follows that Dn and Dn-i have unlike signs just before

each of the « roots of Dn = 0 and like signs immediately after.

It will be proved in § 17 that the quantities a, a0, a2, • • • are power series

in k2 where a0 may be put equal to unity. If it be assumed that a solution

ce0(z) exists which reduces to unity when A = 0, it follows that a = (k2),

a2 = (k2), ■ ■ • , a2n = (k2), where the notation (kn) means divisible by k".

Since a+A2/2= -(A2/4)o2, then a+A2/2 = (A4). If now the solution of the

first « equations is expressed in the form
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ao:a2: • • • '.a2n

a + k2/2       k2/4 0

k2/2     a + k2/2 - 22        k2/i

0 k2/A       a + k2/2 - 42

¿2/4  a + k2/2 - (2« - 2)2   k2/i

it appears that
a2n 4n7>

~ - +
2nOo k

But a2„/af) = (k2); hence Dn = (k2n+2).

This allows the calculation of the successive terms of a as follows. Put

a+k2/2=ck*+ ■ ■ ■ ; substitute in D2 and require that the result shall have

the form (k6). This gives (ck*+ • • • -4) (ck*+ ■ ■ ■ )-ki/S = (kl), or

—4c —1/8 = 0, or c = —1/32. Next substitute in D% for a+k2/2 the expression

— (l/32)A4+cA6+ • ■ • and require that the lowest power of k2 which appears

shall have a vanishing coefficient. This power is multiplied by 22,42,c.

Hence c = 0. The process may be continued; at each stage a new coefficient

is found unambiguously, and finally the expression for a in powers of k.

15. When a is known the coefficients a2, a4, ■ • • are at once determined,

but it is preferable to arrange the series for ce0(z) in powers of k, or to put

ce0 (z) = 1 + b2k2 + b4k* + • • • ,

where b2, bi, ■ ■ ■ are finite trigonometric series. Substitute in the differential

equation and give a the value just found in powers of k.  There results

a2" k2 + bl'k*+-h (a + P/2)(l + bsk2 + bik* -\-)

+ (¿2/2)(l + bsk2 + M4 + • • • ) cos 2z = 0.

If the coefficients of k2, k4, ■ ■ ■ are equated to zero, a system of linear

differential equations with constant coefficients for ¿»2, ¿>4, • ■ • results:

62" +ècos2z = 0,

1       1
bl'-1-o2cos2z = 0,

32      2

This simultaneous system may be solved, and the complementary functions

must be put equal to zero to obtain ceo(z). It is found that

ce0(z) = 1 + (k2/8) cos 2z + (k*/29) cos 4z + • • • .
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The value of a is equal to

7
a = - A2/2 - A4/26 + 0-k<-k* H-.

389-2

It is necessary to examine the statement made above that the values of

the coefficients found for the expansion of a are determined unambiguously.

The development of a has been obtained by substitution of the series

cxk2 +■■■ + cnk2» + cn+xk2»+2 + ■■■

for a, and by determination oí cx, ■ ■ • , cn so that Dn = (k2n+i). For example

if for a is substituted

- k2/2 - (1/32)*« 4- 0-A» + cik* 4-

it is found that

Dx = (V),D% = (k«),D3 = (k*);

but
D4 = (a + k2/2 - 62)DS - (k2/2)2D2 = (A8),

and these equations are true whatever c4. If c4 can be determined to make

D3 = (k10), it follows that Di = (k10), since (A2/4)2Z>2 = (A10). When A2=0,

the roots of Dn = 0 are distinct. Then from the principles of algebraic func-

tions, there exists a unique series ciA24- • • • which expresses that root of

the equation Dn = 0 which vanishes with k2. The coefficients of this series

may be determined seriatim by the conditions that Dn = (k2), A, = (A4),

etc. Applying this theorem to DA it follows that the coefficients of the

first three terms are —1/2, —1/32, 0. Hence it must be possible to determine

Ci so as to make Z)4= (A10). The subsequent terms in the expansion of a may

be similarly determined.

The quantities a2„, Dn are really divisible by higher powers of k than has

yet appeared; in fact a2n = (A2n) and Dn = (kin). This may be proved from

the system of equations for o2, 64, etc., which are

Ô2" 4- enbo + cn-i62 + c„_2Ô4 4- • • • -f- c2Ô2„-4 4- è (cos 2z)ô2n-2 = 0    (« = 1, • • •)

where a-f-A2/2 = c2A44- " * • 1 d = 0, o0 = l. It is evident that ô2n is the first

unknown which involves cos 2wz, so that A2" is the lowest power of k which

occurs in the coefficient of cos 2«z ; hence a2„ = (A2n). Since

Otn   _ 4nZ)„

a0       ~   k2n

it follows that Dtn = (kin).
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16. The method of determination of ce0(z) may be applied to the cal-

culation of all the functions ce2„(z). Consider the next even function of

period x, and write

ce2 (z) = ao + a2 cos 2z + • • • .

In the system of equations for a0, a2, • • • (§ 14), put Os = l. When A = 0,

a reduces to 22 and a0, a4, a6 vanish, and so are of the form (A2). Upon refer-

ence to the solution given for a0, ■ - ■ , a2„, it is evident that 7J>„ = (AlB),

n — 2. This allows the calculation of a by a method analogous to that used

in the case of ceo(z). From the first equation, a0 = (k2). Substitute in the

second and it foUows that a+k2/2-22 = (A4).  Put

a = 22 - A2/2 + cA4 -\-,

and since D2 = (k*) whatever c, make Dt = (ke).   Then

5
c= +-

3-2«

Put
A2        5

a = 22-H-k* + ck* H-,
2       3-2«

and make Z>4 = (A8). Then c = 0, etc. Hence

A2       5
a = 4-1-A4 + 0« A« + • • • .

2      3-26

It is needless to repeat the arguments which justify this procedure. The

function ce2(z) is determined by a system of differential equations as was

ceo(z) ; the result is

A2 A4
ce2(z) = cos 2z -|-(cos 4z — 2) -\-cos 6z +   ■ • • .

2s 6«210

The results of calculation are here illustrated; a(n) denotes the value

of a for ce„(z) and aM the value of a for the «th odd function se„(z) :

I«» = - A3/2 - A4/26 + 0-A6 +

3 1 1
a<i) = i-¿2-ki _|-¿o +

4 27 3-212

1 5
a(2) =4-k2 -\-k* + 0« A6 + •

2 3-26
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1 1 1
a(H =9-k2-A4-k* + • • • ,

2 28 212

1 1 11
a«) =16-A2-A4-A* + • • • ,

2 26«15 29-45

a(1) = 1 - A2/22 - A4/2' + • • • ,

ce0(z) = 1 + (A2/8) cos 2z + (A4/29) cos 4z -\-,

cei(z) = cos z + (k2/2s) cos 3z + (A4/210)(cos 5z - (1/3) cos 3z) H-,

A4
ce2(z) = cos 2z +(k2/26)((2/3) cos 4z - 2) +--cos 6z + • • • ,

O   *u

cez(z) = cos 3z + (A2/26)(— cos z + \ cos 5z)

+ (A4/210)(cos z + (1/I0)cos 7z) + • • • ,

ce4(z) = cos4z + (A2/2s)((2/5)cos 6z - (2/3)cos 2z)

A4   /1 88 1 \
H-( —cos 8z H-cos 2z H-) + •••,

2»o \15 45 3/

sei(z) - sin z + (k2/V>)sin 3z + (A4/210)((l/3)sin 5z + sin 3z) -\-; *

The differential equation

d2y
—- + (a + k2 cos2 z)y = 0
dz2

can be transformed into itself. Put z = z'+tt/2; then

— + (a + k2/2 - (k2/2)cos2 z')y = 0.
dz

This transformation makes possible the calculation of a second function and

a second value of a, when a first function and a first value of a are given.

For example if the transformation is applied to cei(z) there results the func-

tion — sei(z), and a(1) is transformed into a<i), etc.; ceo(z) and a0 are ex-

ceptional. It is evident that on replacing z by z'+ir/2 and A2 by —A*,

ce0(z) is transformed into itself. Hence a0 is transformed into itself. But

this proves that all powers of A in a0 after the first term are of the form 4«.

* These calculations have been carried further by Dr. Saund, in his doctor dissertation at the

University of California.
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17. The assumption has been made, in what precedes, that periodic

solutions exist, and that the quantities a, • • • , a„, • • • are analytic functions

of k. It remains to j'ustify these assumptions. In what follows two proofs

of the existence of periodic solutions will be given. It may be seen that

periodic solutions exist for every value of A2. For consider the equations

aii4-a22=±2 (§ 7) in which X=—A2, and h2=—a. For a given value,

X=Xo, an4-a22 is an integral function of A. In accordance with the general

theory of Picard,* if one of these equations has not an infinite number of

solutions the other one has an infinite number. If the equation an+022 = 2

has an infinite number of solutions there exists for the value X =X0 an infinite

number of functions having period it. If axx+an = —2 has an infinite number

of solutions, there exists an infinite number of functions f(x) such that

/(x-f-7r) = —f(x), or f(x + 2ir) =f(x). Hence there exists for all values of X

an infinite number of functions having the period ir or 2ir. This theorem is

not sufficient to prove the existence, for all values of A2, of the functions

ce„(z), se„(z) for which formal developments have just been obtained.

A determination of all periodic solutions of the differential equation

will now be given in the form of a proof that the series for ce„(z), se„(z)

and a(B), a(„> converge for all values of A2. Write the system of equations for

a0, ai, ■ ■ • as follows. Put

~     Xn

4(a 4- k2/2 - (2n)2)

and a-|-A2/2 =v; then the equations beginning at the third are

x2ci + et + xtc3 = 0,

X3C2 + c3 + X3C4, = 0,

where cn = ai„.  This is a system of the same form as that previously treated

(§ 4). A solution such that c„—>0 was found to be given by

ci'.ci: ■ ■ • cn: ■ ■ ■ = (xt): — x2(x3): •••:(- l)Bx2 ■ • • xn+i(xn+2):

It is supposed that v¿¿(2n)2 so that x„¿¿ °o.   Substitute the values of Ci, c2

in the first and second equations (§14) and they become

1       Xt

va0 + (k2/4) 0,

* Picard, Traité d'Analyse, vol. 3, p. 346.
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(A2/2)a„ +(v- 22)

1     x2

x2(k2/i)

1       Xz

0.

Eliminating a0 there results

1  x2   •

v(v - 2s) - x2v(k2/4)

1   Xz

-(¿4/8)

1    Xs

This may be written in the form

a + k2/2         k2/A 0 0 0

A2/2      a + A2/2 - 22 A2/4 0 0

d =          0                  x2 1 #2 0

0                  0 xz 1 xz

= 0.

If 7X, = (a+A2/2-42)(a+A2/2-62) • • • (a+A2/2-(2«-2)2)d„, then dn-*d

as m—> ».   This follows since

a + k2/2         ¿2/4 0 0 0

A2/2      a + k2/2 - 22 k2/i 0 0

0                 x2 1 x2 0

0                   0 xz 1 xz
dn   =

0 0 *n-ll

This determinant is convergent as may be seen on applying the test for

convergence used in § 2. Hence dn-*d, n—>oo. The equation for v given above

may evidently be written v=Pi(v, A2) where every term in Pi(v, A2) is

divisible by either v2 or A2; hence v=P(k2) and it is clear that P(k2) = (A4).

The value of a corresponding to v is therefore — A2/2+cA4+ • • • , the

terms of which have been calculated above (§ 14). It will be seen that

the equation d = 0 has an infinite number of real roots of which this value

of a is the first, and they reduce when A = 0 to 0, 22, 42, • • ■ . This is

proved in the following way. If the determinant d is expanded in terms of

the row containing xn the equation d = 0 may be written in the form

(2n)2 = Pi(v - (2n)2,    k2),
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where every term in Px(v — (2n)2, A2) is divisible by (v — (2«)2) or A2. Ac-

cordingly v-(2n)2=P(k2), or

a = (2»)2- k2/2 + P(k2).

These values of a may all be calculated from the equations Z?„ = 0 in the

manner carried out in § 14.

In this way the roots which tend to (2«)2 as A—»0 are found. It may

be proved that there are no others, or more precisely, no root of the equation

d = 0 tends to a limit, l^(2n)2, and no root increases indefinitely as A—>0.

The first statement is true since a and A2 satisfy the equation an4-022 —2 =0.

If a root of this equation in a is bounded as A—>0 it must have a limit. This

limit is a root of the equation an 4-022 — 2 =0 in which A has been put equal

to zero. Further a root of the equation ¿ = 0 cannot —>°o when A—»0. If

»—>oo then \v\ takes the value (2p+l)2 infinitely often, and

I v - (2«)21 fc 11 «I - (2»)21 = I (2p + l)2 - (2»)»|.

The least value of this quantity for a given p is furnished by n=p, so that

\v — (2«)2| ^4^»4-1; hence xn-*0 for these values of |»|. But the equation

¿ = 0 may be written

v(v - 2)2

1       xo      0

2xi    1       xi

0 X2 1

0

0

Xi

= 0,

and cannot be satisfied if \v\ =2p+l, />—►<». Hence as A—>0 the roots of

d = 0—»0, 22, 42, • • • . The same reasoning shows that when A—»Ao^O no

root of the equation d = 0—*<».

If a value of a satisfying d = 0 is obtained the values of the coefficients

at, a4, • • • are given in two different forms in what precedes, viz.

am = (- D*
4-ZX,

(« = 0,1, ••• , A> = 1),

and ain=cn/co where

Cn - (— l)"xi, ■ ■ ■ , x„+i(x„+2)

A2
02 =   —  Xo(x2) .

(«=1,2, •••),

Co
4(a 4- ¿2/2)

The series l+a2 cos 2z+ ■ ■ ■ is convergent because the ratio
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<i2» xs • • • x„+i(x„+s) xn+i(ac„+2)

asn-S X2 • • • Xn(xn+i) (*n+l)

and since (xn)-*l as »—»°o it foUows that

_A»_
r" 4{a+A2/2-(2» + 2)2}

Hence the series l+a2 cos 2z+ • • • converges for all values of z.

By a similar reasoning the existence of the odd functions as well as those

of period 2ir may be proved.

It has been assumed in the preceding analysis that a+A2/2?ii(2«)2.

If a+A2/2 = (2»)2 the proof of convergence may be effected by beginning

at the »th equation for a0, as, ■ ■ • and expressing the solution of the system

Xn+lCn + cn+i + acB+icB+2 = 0,

*n+2CB+l + cn+s + xn+scn+z = 0,

in the same manner as before.

The functions denoted ce„(z), seB(z) are obtained from the expressions

just given for the periodic solution by dividing by the coefficient of cos «z

or of sin «z, so that these terms have coefficients equal to unity. This division

is possible if A is sufficiently small since the divisors are 5^0.

Finally the existence of periodic solutions has been proved and expressions

for all of them for all values of A2 have been determined.

18. The series obtained for the quantities a and the periodic functions

converge if A is sufficiently small, but the radius of convergence has not been

found. Consider the values of a which belong to ce2n(z) ; it may be proved that

the singular points of a are those values of A for which two or more values

of a coincide. For if A0 is the singular value of A then when A—>A0, it was

proved above that a—»1, a finite value; and if the values of a corresponding

to A = A0 are distinct, each of the values of a is by the theory of implicit

functions a series of integral powers of A —A0. But the value A0 would not

be singular if the values of a are so expressed ; hence the values of a are not

distinct if A = A0.

Iifn(z),fm(z) are two periodic functions corresponding to two values of

a which become equal, then/„(z)=p/m(z), p independent of z, when A = A0.

Since by the theory of integral equations

£
fn(z)U(z)dz =  0,
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Ûf2(z)dz = 0.
■T

The value of this integral may be expressed in terms of Oi, a*,

' f2(z)dz =(14- \a? +W + ■■■ )2ir.

giving

/

Hence if for A = A0 two values of a become equal, and if in

4"£>„
a2n = (- i)n-nr>

k2n

the value with which they coincide is substituted, then

1 +W + W+-0.

It follows that the singular values Ao2 are not real. To prove this it is necessary

to prove first that if A2 is real the values of a are real. Suppose that for a real

value of A2, a has the value a'+ia" and y has the value yi-Hy2. Then

or

yi" 4- iyt' + (a' + ia" + k2 cos2 z)(yx + ¿y2) = 0,

yi" + (a' + A2 cos2 z)yi - a"y2 = 0,

y2ff + (a' + A2 cos2 z)yt + a'yx = 0.

It follows that

dz
(ytyi - yiyi) - a"(yi2 4- yi),

and integrating from 0 to it that

0 = a"  f  (yx2 + yi)dz
Jo

since yi and y2 have the period it. Hence a" = 0 or a is real. If a and A2 are

real, a^ is real so that

i + W + W + •  • * o.

Hence A0S is not real if A0 is a singular value. Since the singular values of

A correspond to equal values of a the equation d = 0 cannot have a multiple

root if A2 is real.

A numerical estimate of the values of A2 and a which are singular may

be found from the polynomials Dn by finding the values of A2 for which
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the equation 7)B = 0 has coincident roots. It appears that approximately

A2 = 5.8 i, a = 2.1—2.9i for the singular point nearest zero.

19. The equation of the elliptic cylinder cannot have two periodic

solutions of period w or iri for the same values of a and A2. If p — 0 two solu-

tions are given by the formulas

/W=—-   2Ztp(n)Jn(\e-')Jn(\e'),
0(0)       -00

*W Œ 17^   2>(«y»(Xe-)#»(Xe').
</»(0)   -«

The second solution is distinct from the first, since

Kn(x)  = C (log X)jn(x) + Pn(x) ,

where c is not zero and Pn(x) is a power series in x. This solution does not

vanish identically since this would require cp(n) =0 for every ». Since every

solution is a linear combination of f(z) and yp(z), and since every solution is

periodic if two independent solutions are periodic, yp(z) must be periodic.

But

P(z) = c (log\)e'f(z) + ¿0(«)7B(Xe-)PB(Xc«),

which is not periodic. Hence the equation of the elliptic cylinder never has

two independent periodic solutions.

An incidental result of the theorem that two values a(2B), a(2m) cannot

coincide when A2 is real is that a(2m)>0(2n> if m>n. For if a(2m)<fl(2n) for

any value of A, letting A2 diminish to zero, there must for some value of

A2 be found the equality a(2„o =a(2n), since when A2 = 0, a(2m) = 2m2 and

fl(2B) = (2«)2. But a(2m)5¿a(2n) for any real value of A2. Hence a(2m)>a(2n) if

m>n.

It may further be proved that if A2 is real the value of da/dk2 is negative.

First it may be proved that da/dk2¿¿0 for any real value of A2. For suppose

da/dk2 = 0 and let w = dyi/dk2 where yi is a periodic solution. Then if y»

is an independent solution it may be supposed that y2 = zyi+y3 where ys

is periodic. The function w must satisfy the equation

d2w
-\- (a + k2 cos z)w = — y i cos2 z,
dz2
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and the solution of this equation is known to be

yi ç yi r
= Ayi H-I — (cos2z)yi2dz + -Byi-I — (cos2 z)yxyidz,

c J c J
w

where
dy2       dyi

«- yi—--y2—-^ 0.
dz dz

If
— (cos2 z)yi2 = Ao + Ax cos 2z + • • •

it is found that

w = \Aoz2yx + zF(z) +G(z),

where F(z) and G(z) are periodic functions of z. Hence if w is periodic, A o = 0.

But
1   r2r

Ao =-|    (cos2z)yi2dz,
2ir J o

hence

(cos2 z) y x2dz = 0
Jo

which is impossible if A2 is real. Hence da/dk2¿¿0. The values of da/dk2

when A = 0 are known however from the series for a, viz., — A2/2—A4/32,

1—3A2/4— • • • , and are seen to be —1/2, —1/3, —1/2, • • • , the values
being —1/2 after the second. Hence da/dk2<0 for all real values of A2,

which was to be proved.
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