THE DIFFERENTIAL EQUATION OF
THE ELLIPTIC CYLINDER*

BY
J. H. McDONALD

1. The differential equation of the elliptic cylinder, often called Mathieu’s
equation, may be written in either of the forms

d%y
dz?

+ (a + k2cos?z)y = 0

or
d%y

dz?

+ (a + k%cosh?z)y = 0.

It is not capable of reference to the hypergeometric type and so requires
methods peculiar to itself. The principal difficulty in the solution of the
equation consists in the determination of a number, the characteristic
exponent, which appears in the solution. It is known from general consider-
ations of the theory of linear differential equations that for the trigonometric
form of the equation, y may be expressed as

cle2u€t¢(eziz) + 628_2”i'¢(82"),

the parameters @ and k? being supposed arbitrary. The functions ¢(e?¥),
¥(e?*) are series of positive and negative integral powers of €%+, and the
quantity u which is a function of ¢ and k2 is the exponent in question, and
its determination necessitates extended developments. If u has been found
the coefficients of the series for ¢(e?*), Y(e?*) must be investigated. They
satisfy a particular difference equation which is not of a simple type.

Of special importance are those cases of the equation for which there
exists a periodic solution with period = or 27. These solutions which are some-
times called Mathieu’s functions do not exist in the general case, but require
that @ should have special values when k2 is given. The determination of
these values is an important problem. It is to be noticed that in these cases
the general solution referred to above is no longer valid.f Periodic solutions
present themselves in problems of mathematical physics, for example in

* Presented to the Society, San Francisco Section, April 4, 1925; received by the editors in
August, 1926.

t H. Weber, Die Partiellen Differential-Gleichungen der Mathematischen Physik, vol. 2, p. 265.

Bruns, Astronomische Nachrichten, No. 2533, p. 193, No. 2553, p. 129.
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determining the vibrations of an elliptic membrane, while the solutions which
are not periodic find an application in the theory of orbits.

The solution of the problems indicated in this summary has previously
been attempted without complete success. For the bibliography reference
may be had to Whittaker and Watson, Modern Analysis, 3d edition, chapter
xix. The most valuable references are to papers by Dougall (The solution of
Mathiew's differential equation, Proceedings of the Edinburgh Mathematical
Society, vol. 34, part 1, p. 176, 1915-16) and Whittaker (On the functions
assoctated with the elliptic cylinder in harmonic analysis, Proceedings of the
Fifth International Congress of Mathematicians, 1912, Cambridge). Dougall
obtains, among other results, an equation for the characteristic exponent
but not in an explicit form. Whittaker proves that the periodic solutions
satisfy an integral equation which he uses to derive the expressions for
some of the earlier cases.

In the present paper the problems stated above are treated more fully
than has previously been done. First the general case is considered. The
difference equation for the coefficients of the solution of the differential
equation is replaced by an infinite system of equations, and their solution
given in two different forms. The characteristic exponent u is shown to
satisfy an equation found in two corresponding forms.

Second, the characteristic exponent is studied in detail. The differential
equation is replaced by a Riccati equation, a particular solution of which
is found, and from this solution an explicit expression for u is determined.
This expression which is valid only within a limited range of values of
k? leads to a form of the equation for u valid for all values of k2. It is found
that u is an analytic function of k2 when ¢ is given, and the character of the
singular points of u is determined. The convergence of the solution con-
structed in the first part of the paper is then proved.

In the third place periodic solutions are considered. On the supposition
that they exist they are determined in two different forms. Proof is then
given of the existence of periodic solutions and a determination of all of
them is made. An equation for the parameter a is given to each of whose
roots a periodic solution belongs. This equation has no multiple roots if
k? is real. Two expressions for periodic solutions are given in forms valid
for all values of k2. The parameters a and the solutions are analytic functions
of k2.

Finally some miscellaneous results are collected. The differential equation
is shown not to have two periodic solutions for the same values of a and &2,
and if k? is real it is shown that each ¢ is a decreasing function of k2. Some
indications as to the determination of the singular points of ¢ are added.
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THE GENERAL CASE
2. The equation of the elliptic cylinder may be written in the form
d?y/dz? + (§k%? cosh 2z — s?)y = 0.

Then a solution*

+oo
y = Z Cﬂe(?iﬁ'ﬂ)x

-0

exists where w and the coefficients ¢, are independent of z. Substitution of
the solution in the equation gives

{(2n + w)? = s?}cn + 2% (cam1 + ny1) = 0.
If ¢, is replaced by (—1)"C.,
(n + 3w)? — }s?

Cn+1 + Cn-l = ﬁk’c” Cn-

Put §w=p, §s=r, 1kc =\, and this equation becomes

(n + p)? — 1
Cn-{-l + Cn—l = ne Cn-

Let
)\z
p— = Xn ;

(n+ w2 —r

then if # varies from — o to + o there results the system of equations

...........

2¢C_1 4+ Co+ 2C1 = 0,
21Co+ C1 + x:C; = 0,
#C1 + Ci2 4+ 2C3 =0,
2:Cs + C3 + x:C4 =0,

Any solution of this system of equations which makes Y ¥3c,efentws
convergent furnishes a solution of the differential equation.

3. If it is supposed that (#+u)?—r2>0 for every value of #, then the
infinite determinant

* Floquet, Annales de ’Ecole Normale Supérieure, 1883.
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1 x 0 0 0
Xit+1 1 Xit1 0 0

= (%
0 Xit2 1 Xit2 0 ( ‘)

is convergent for all values of 7. This is true since a sufficient condition of
convergence of the infinite determinant
14cn C12 C13

ca1 14 ¢ cas

is that the series
cutceteatcestentont -
be absolutely convergent.* This condition for the determinant (x;) is that
A2 A2 A?
(i+#)’—f’+2(i+ 1+u)’—f’+2(i+2+#)’—f’ +
be absolutely convergent. Since the terms of this series are comparable in
absolute value with those of the series
1 1 1
FTGry G
the condition is satisfied. By expanding in terms of the elements of the first

row it may be verified that the determinants (x;) satisfy the recurrence
relation

(%) = (ze1) — ®exia(wipe) -
To examine the character of the expansion of (x;), consider the particular
case (x;) and let
1 x 00
D" — X2 1 X2 0o .
0 0 0 0. .21
be the determinant of the first # rows and columns of (x;). Then if D, is
expanded in terms of the last row,

D, = Dy 3 — Zp-1%nDp_2.

* Kowalewski, Einfiihrung in die Determinantentheorie, p. 372.
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From this recurrence formula it is seen that the terms of the expansion of
D, which contain x, consist of the product *,—: #» multiplied by —D._s,
and those terms which do not contain x, are the terms of D,—;. Now consider
the sum
S,, =1- Z Xi%Xi+1 + E XiXit1XX 41 — Z XiXip1 X ;X 541Xk X k41 + .-
[ >+l k> +1,i>4+1

Let the subscripts, subject to the inequalities, take the values from 1 to n
in every possible way, and let the series be continued as long as it is possible
to construct terms in which no subscript is greater than #. Then the terms
of S, which contain x, consist of the product #,—; ¥, multiplied by —Sa-s,
and those which do not contain x, are the terms of S,_,. Moreover Sy=D,,
S:=D,, etc. Therefore S,=D,.

The determinant (x;) which is infinite has therefore the formal expansion

1= 2 w4+ 2 %aden®i%ip — - - -
[y >+l

where the numbers 7, 7, - - - are any succession taken from 1, 2, - - - subject
to the inequalities. Since this series is convergent it is an integral function
of A of the form

14+ aN*+ag\8+ -~ .

Though not relevant to the subject it may be noticed that the number of
terms of a given order in D, is figurate. If f,,, denotes the nth figurate number
of the rth order, the number of terms of order 2p in Dy, iS fony1-2p.p+1 and in
Dipy1 iS fomiz-2p.041, 0<p<n. These are included in the statement that in
D, the number of terms of order 2p is fat1—2p.p+1, 0 <2p =m.

4. A solution of the system of equations for C; (§ 2) such that C,—0 as
n—o can now be obtained. Consider the first # equations for which £20:

£1Co + C1+ :Cs = 0,

2C1 + Ca+ 2:C5 =0,

ZaCn1 + Co + 2,:Cot1 = 0.
If it be assumed that C;70, 120, C, may be put equal to unity. Then the
value of C, is given by
- x 2 0 - - - 1 2 00
0 1 2 - - - 2 1 22 0

-—
O

— %Cap1 0 0 -« 2z, 1 000 -« - z 1
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1 X3 0
xs 1 25 - - -
=|=m| ) + (= 1)"Cap1®1 - -+ 2n
0 0O E |
1 20 00
. X2 1 X2 0
000 - - 2,1
The product x, - - - ¥,—0, n— o, and the determinant
1 2, 0 00
x2 1 %2, O
: : - (x1).
00 - - - 2,1
Hence if C,, is bounded
. él _ —_ xl(xz) .
(x1)
Similarly if C,=1,
C, = —_—iﬁ(is): etc.
(%2)
It follows that
Co:C1:Cat -+ - :Cpt - - -
= (xl): - xl(xz):xlxg(xs): LRI :(— 1)"x1 cee x,.(x,.+1): s

is a system of values of the ratios of C; satisfying the given system of
equations. Since (¥.41)—1 as #—, and x, - - - 2,—0 as n— o, it follows
that C,—0 as #— . That the above ratios furnish a solution of the equations
may be verified by direct substitution, and by making use of the recurrence

relation
(x:) = (#i41) — Zi%ir1(Xiga) .

It is then evident that the restriction C;0 may be removed.

The system of ratios for C; may be extended to negative values of ¢

by letting C_, correspond to
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(= D™(2_ns1) .

Xontl ® * ° X¥-1%0

This may be verified as before by substitution in the equations. The coeffi-
cients C. are meromorphic functions of A.

In order to obtain a solution of the differential equation, C_, must ap-
proach zero. This condition is not fulfilled independently, but depends upon
the value of u, the characteristic exponent. It is evident from the value
of C_, that (x_,) must approach zero, #—. The product *_n41 - * - 1%
which occurs in the denominator tends to zero. Hence the numerator must
tend to zero more rapidly to satisfy the requirement. Then u must be a root
of the equation

xolxo
21z - - - - [=0
’

lexg

where the determinant is infinite in both directions.
5. The system of equations for C, may be transformed with advantage.
Put C,=f(n), and the equation to be transformed is

2 2
f(n+1)+f(n-1)=£n—_-'-—~;i)2———’-f(n).
If ntu=s,
2__’2
fe—p+ )+ flz—p—-1) = Y f(z — u),
or
22_'2
oG+ 1)+~ 1) = ——9(),

where f(z —u) =¢(z). If
x2z

G + Il = ’)'va, (z) =Tz + 1),

#(z) =

there results the equation

)\2z+2 )\22-2

Nez+14+nN(z+1—171) bttt Miz+r - Dz —7r—1) Pt

22 — 92 )\2z

AN N4+ n(E—71) ok
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or
A

E+nNGE+r+DE—nNE—-r+1)
Changing z into 241 this equation becomes

VUst1 + 9,21 = v,.

x‘
T NG+ D —rF D —rF2)

If a proper solution of this difference equation is chosen, then

Vs = V41 =

k2ﬂ+2p
M +ut A0 +a—n "

The difference equation may be written

Ca =f(”) = ¢(n+l‘) =

xl
(tutr+ D) (bt r+ ) (b a—rt Dt p—rt )~

Unts = Onduil = —

orif 4y =0,4, =0,
x‘:
- Unis.
(rt+ut+r+1)(n+p+r+2)(n+p—r+1)(n+p—r+2)

Letn=0,1,2, - - -, and put ya4: for the coefficient of #y42; then there results
the system of equations

Up — Unip1 =

— %o+ w1+ yius = 0,
— 4+ w4 yus =0,
— #us+ us+ ymu =0,

The determinant
1 yn 0 0
-1 1 90 0
0 —1 1950

is convergent. This may be proved as follows. Let E, denote the determinant
of order # formed with the first #» rows and columns of this infinite deter-
minant. Then

E,=1+ Zy.- + Eyayi + Eyiyfyk + -

where the summations are extended to all products in which no consecutive
’s occur, and the series is continued as far as such products can be formed.
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This expansion may be proved by induction. By expanding E,.s in terms
of the last row, it follows that E,.2=FE..1+Yys1Es. Moreover E;=1,
Ey=14y,, Es=14y1+y:, Ec=14y14+y:+ys+yy. If the terms of E, are
divided into the classes of those which contain y,_; and those which do not,
the rule of formation of the terms of E, is verified. To prove that E, ap-
proaches a limit as #— oo, consider the series

E=1+ Xyi+ Zygit- -,

where 4,4, - - - =1, - - -, , 57, etc., and no consecutive y’s occur in any
product. This series is absolutely convergent, for if the absolute values
|y¢| are taken and the restriction as to non-consecutive y’s removed, the
series becomes the expansion of

A+ [nDA+ [320)---

which is a convergent product. This is evident since

1
Linl =Ml G T et strF Dot -G+ a—r+ DI

is a convergent series. Hence since |E—E,|—0, n—w, E,—E which was to
be proved.

6. It is found that a solution of the system of equations for u, exists such
that #,—1 as n—o. If

1 3 00
-1 1 9,0
[yl] = 0 —1 1 ys - ’

this solution will be shown to be #,=[yn41]. Since the determinant
[Yas1] =143 y:+ - - - where i>n, and since the element y,—0 as p—,
then [yn41]—1 as n—o. By expanding [y..1] in terms of the first column,

= [yne1] + [yns2] + yns1lynss] = 0.

But this equality is the result of substituting #,= [ya1] in the equations
for #,. Hence #,= [y.41] is a solution of the equations, and u,—1, n—.
The ratios of the coefficients C, are then given for all values of # by the ex-
pression

k2"+2“

"TPUnt p+ O+ u— 1)

C [yn41]
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where p is independent of #. These expressions for C, are not equal to those
given above (§ 4) if p=1.

It is then evident that u must be chosen so that [y,]—0 as n——, or
u must be a solution of the equation

-1 1 y_10 0
0 —1 1 5 0 - - |=0.
0"'1 1y1

It is necessary to prove the convergence of the series assumed as the
solution of the differential equation. For convergence p must satisfy the
equation already obtained in two forms. It remains to show that this con-
dition is sufficient for convergence. The proof of this fact is postponed until
§11.

If (n+u)2—r2=0 the form given for the ratio of the coefficients becomes
indeterminate but this indetermination may be removed. Forif p+u+r=0,
#>0, the functions

(= 1)™(2-ns1)

Xent1 * ° * X1%0

’ (—' 1)"x1 ve . x,.(x,..,.])

may be multiplied throughout by p+u +7 which gives a set of finite values
when p+p+r=0. If p4+u+r=0, p <0, the numerator and denominator of

(= D™(2-nt1)

Xentl * " X1%0

may be multiplied by p+u+r which gives finite values when p+u+7=0.
The equations for u will be replaced in the next part of this paper by an
equation the terms of which are determinate if p+u+7=0.

THE CHARACTERISTIC EXPONENT

7. The exponent u is the root of a transcendental equation which has
been given in what precedes in two different forms. The determination of
can however be effected in a different manner, which allows the construction
of an explicit expression of at least a branch of u. It will be proved that u
is an analytic function with multiple determination of the principal parameter
k® of the differential equation. It is found simpler to take the differential
equation in the form
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d?y

—= = (Ncos?z+ K®)y, AN= — k%, k= —a.

dz?
Regarding % as a constant and \ as a variable, a branch of u will be found as
a convergent series of powers of \, provided % is not equal to certain excep-
tivnal values which will be deterr..ined. When % has these exceptional values
the proper expression for u will likewise be found.

Whatever 4, the solution of the differential equation will first be proved
to be an integral function of z and \, expressed as an absolutely convergent
series of powers in each. This follows from the determination of the coeffi-
cients of a series of powers in z satisfying the differential equation. For

if y=ao+a;z+ - - - where a, and g, are arbitrary, the remaining coefficients
@y, - - - are determined by comparison from
203+ 6asz + - - - = (N cos?z + h%)(ao+ a1z + 6222 + - - 1)
Hence
2(12 = h’ao,
6a; = h%a,,

12(14 = hzaz + Xdo,

The series for y determined in this way is known to be an integral function
of z for all values of \, 4%, a,, a;. The coefficients a, are polynomials in A
whose coefficients depend upon a,, @i, 42, and upon the coefficients of the
expansion of cos?z. If a comparison is made with the differential equation
.
9% [M(cos iz)2 + | 42| ],
dz?
and if initial values |ao|, |a:| are taken, a series will be found for 7 whose
coefficients are polynomials in A, which are determined in a manner similar
to those above. These polynomials in N have positive coefficients whose
values are greater respectively than the absolute values of the corresponding
coefficients in the determination of y. But the series for j is likewise an in-
tegral function of z. Hence the series for y is one whose terms admit arbitrary
redistribution whatever z, \, ao, @1, 42, and so is an integral function of z
and .
Let y1=£1(2), y2=f2(z) be two independent solutions of the differential
equation. Then if

yi = fiz + ), y2 = fo(z + ),
yi = auy + a12ysa, y: = a21y1 + G22Ys.
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A solution* ¥, =c1y:+c¢.y: may be found such that
Y{ =Y, where yll = 61f1(z + 1l") + c,f,(z + ‘l’).
The quantity » is a root of the equation

a1 — v a2
=2 — (a1 + a22)v + 611022 — 612621 = 0.
a2 G2 — ¥
But since the general solution of the differential equation is of the form
1 = crer*d(e?*) + coemrY(e?),

the values of » must be e** and e~**, so that their product is unity. Hence
G102 — 01200 =1. Therefore » is a root of the equation

v¥—(en+anr+1=0, or 2v = an + a2 + [(an + aa2)? — 4]12,

The solution ¥;=ciy1+c.y, which satisfies the condition ¥y =»¥, is then
given by Yi=auy+(v—aun)ys. The solution ¥y=any+(1/v—au)y: also
satisfies the similar condition ¥§ =(1/v)¥.. If a5 =0, then

Y, = Y2, Y, = (an - 022)}'1 + a12)2

are solutions satisfying ¥{ =axy, Y7 =any..
The coefficients a1, @13, a1, @22 are functions of N determined by the
two equations

fi(z + 7) = anfi(z) + a1sfa(2),

fa(z + ) = aafi(z) + e2fi(s).
" f1(z) =a+az+---,

fa(3) =bot+bis+---,

he+m) =40+ 412+,

fiz+ 7)) =By+ Bz + -,
then

Ao = anao + a1zdo,
By = asa0 + asebo,
4; = ane, + o12hs,

B, = aga1 + @31,

* Goursat, Analyse Mathématigue, 2d edition, vol. 2, p. 470.
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and
Aoby — A1bo — Agay + Aiao
a)y = ——— a1 = ———————————
aoh1 — a1bo oy — a1bg
Bgby — Biby — Bgay + Biag
ag = ——mm————, agp = —————————— -
aob; — a1be aob1 — a1bo

aob1—a1b0#0, since the solutions f; and f. are independent. Hence ay,
@12, @21, G2 are integral functions of N. Since 2v =au 408+ [(au+a2)2—4]12,
the value of » may be written

2= PO\ + [(en + 02)? — 4 + CA + CaA2 + - - ]2

where ayy, a2 are the values of ay, a2 when A=0. If (a%,+as2)? —4 50 the rad-
ical may be expanded in powers of A, and 2v =P(\) + P,(\). The series P;(\)
is convergent if
CA+CA?+ - - -
(¢ + @) — 4

and a quantity ¢ may be determined such that this condition is fulfilled if
[\ <o. If N=0 the solution of the differential equation is y=cie?+ce=>s,
and the values of » are e*r, e=**. Hence

° 0
an + a2 = e** 4+ e ** = 2 cosh hr.

If (a114a25)?—4 =0, then er*= +1, or hr =2nmi, or (2n+1)wi. These give
exceptional values of %, which will for the present be excluded from the
discussion.

The solutions

<1,

Y1 = auy + (v — au)ys,
Y2 = auy: + (1/v — aw)ys, a3 # 0,

must reduce if A=0 to multiples of ¢** and e~**. The solutions ¥, and ¥,
do not both vanish identically if A=0, for since y1, y. do not both vanish
identically this would require that a5, =0, v—a1,=0, 1/v—a;;=0. But the
last two are contradictory, since »>1/» unless % is an exceptional value.
Hence

Y1 = mie** 4+ APy(z,N),
V2 = mee=?s 4 APy(z,N) ’
where m, and m; are independent of z and \, and m, and m, are not both equal

to zero. If m,50, divide by m, and there results a solution of the differential
equation
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Pl(z’)‘)_ = eh* 4+ N\Qi(z,)N).

y=e* + N\

m1
Let Z=7y'/y where y denotes differentiation. Then
_ ket +NQI(2,N) e [het + 20! (3,V)]
T AQi(z,N) 14 AehQy(z,\)

Let p be an arbitrary quantity; then 7 <o can now be determined such that

INeQi(z,\)| <1 when [z] <p, [N <7.

Hence if |z| <p, |\| <7, the fraction for Z may be expanded in powers of A,
or Z=h+zA+2N+ - - -. To verify this statement it will be noted that
since the series for asx, », au, ¥, y: are all absolutely convergent, if I)\I <o
and [z| <p, the expressions for ¥y, ¥, are absolutely convergent series for
the same values of X and z. That is, if ¥i=3Y ¥ amz™\", LT |@ma|s™\" is
a convergent series, so that an arbitrary arrangement of terms is ad-
missible. Under the same conditions the series for 14Xe=* Qi(z, N) is
absolutely convergent because

1 4+ Ne2Q4(z,\) = e~**[er* + NQi(z,0N) ],

and both factors of this product are absolutely convergent. Finally the
series for [14+Ae=#4Q;(z, N)]~! is absolutely convergent if [\| <7 where 7
is determined as follows. In Q, (z, \) let all of the coefficients be replaced by
their absolute values and let the resulting series be denoted by Q; (z, A).
Then determine 7 <o so that ‘r°e""p§1(p, 7) <1. Then evidently

[ Ne 2 0u(z,N) | <1 if [N <7, |z]|<op.
The series
14 Nel*12Qu(z,N) + Ne?1H:Q2(z,\) + - - -

is convergent, and the terms in the expansion of A7e*!*12 Qyn(z, \) have positive
coefficients. Hence finally the series

1 — he""Ql(z,)\) + )\2e‘2"‘Q1 (z,)‘) —_ .

is convergent and admits arbitrary rearrangement of terms.

8. If Z=9y'/y, Z satisfies the Riccati equation Z’' +Z2=\cos?2+k?, and a
solution Z of this equation has been found. If this solution is Z=A42Z\
+2Z:\%+ - - -, the coefficients Z;, Z, etc. may now be determined by sub-
stitution in the differential equation, and by comparison of coefficients of
like powers of N. There results the system of equations
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Z{ + 2hZ, = cos? z,

Z{ + 2hZy+ Z¢ = 0,

Z{ 4 2hZ3 + 22,2, = 0,

Z{ + 282+ 22 + 2Z:Z; = 0,
Z¢ + 2hZs + 22:2, + 22,25 = 0,

This is a system of equations which may be solved, the complementary
function in each case being ce~2*. But the solution Z is a periodic function
of z with period w. Then the coefficients Z; and Z, must be periodic, and
since the particular solutions of the equations for Z are periodic, the comple-
mentary functions must in every case be omitted. It is found that

1 sin 2z + Ak cos 2z

Zi= — ,
v= o T 22(1 + h?)

and in general Z, equals a finite series of sines and cosines of even multiples
up to 2nz, i.e.

Zn = ba,g + bp,asin 2z + bp3cos 22 + - -+ 4 ba.2n Sin 272 -+ ba 2041 COS 213,

where the coefficients b;; are rational functions of A.
9. The general solution of the differential equation
d2

&y 2 2
T (N cos?z + h?)y

may be taken in the form
y = cle2nil¢(e2n') + c’e—ini:'p(eh{)’

where ¢ and y are series of positive and negative powers of e?#!. It is evident
that »=¢27% or e~2**i. The Riccati equation Z’+4Z2?=NX\ cos?%z+A? is satisfied
by y’/y whatever ¢; and ¢;. If ¢;=0, or ¢c2=0, y'/y is a periodic function of
2z of period 7 and in no other case. Hence the function Z of the preceding
discussion must correspond to one of these cases, and since the sign of u has
not been fixed, it may be supposed that it corresponds to c;=0. Hence
Z=2ui+¢'/¢p, where ¢’ denotes differentiation with respect to z. Therefore

it ¢ /é=h+ZN+ZNH+ .

The series on the right has been determined and is a uniformly convergent
series of functions of z if [\|<r, |3/ <p. Since p is arbitrary it may be
supposed that p>=. Integration with respect to z from 0 to = gives
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2m°+f iz=1rh+)\f21dz+---.
o ¢ 0

The value of

f Z,.dz = 1rb,,1
0

since the integrals of the trigonometric terms vanish. Hence

But

since ¢ has the period =. Finally
Quit2mi=h+ D, baa\*,

feml- 00
a series for u convergent if [\| <. The integer # is in the nature of the case
not determined, since in the form of the general solution of the differential
equation 2u¢ may be increased by 2#:.
A similar series for p will be found if the differential equation is taken in

the hyperbolic form

d%y
—= = — (k% 4+ X cosh?z)y.
dz?

Substitute z=4z" and the equation becomes

d%y
s (B* + X cos?z’)y.
2

This equation shows that a series giving u for the hyperbolic form may be
derived from the series which gives u for the trigonometric form by changing
the sign of N and replacing 4? by —Ak2 For the trigonometric form}of the
equation p is given by the series
1 3h2 4 2 5K + 10h* 4+ Th2 4 2
2i(p+n) =h+—\— + 2 + iV
2k BE(1+ k) 28451 + h?)?
175k + 1750410 4 602748 + 8876k° 4+ 7048k + 32644 + 640 At
214h7(1 + h2)4(4 + h2)2

+ -



1927] THE EQUATION OF THE ELLIPTIC CYLINDER 663

For the hyperbolic form of the equation x is given by the series

2 m) = b= At e T ey
T = o T i — ) :

It is evident that within the range of convergence of these series the value
of u is real for the hyperbolic case and a pure imaginary for the trigonometric.

If % has one of the exceptional values 0, +#: the equations for Z; take
a different form. Suppose 2=0; then ¥,, ¥, are series of powers of \!/2

(§7) and
Z=g\N2 42N+ ..
The differential equation Z’+Z2=X\ cos? z gives the system
zZ{ =0,
Z: +Z¢ = cos?z,
Z{ + 222, = 0,
Z{ +2¢+22.2:=0,

These equations must have a periodic solution. The first equation gives
Z,=c, and substituting in the second it is seen that

7z ( 'y 1)z+sin22+ ,
: 2 4

hence ¢ =1/2"2, Similarly

212 cos 2z
Z3 = ———g—-—— — 225 4 (7,

and ¢’ =0. If this value of Z; is substituted in the next equation

z ( 1 e ”) n sin 4z  sin 23 4o
=—(= ¢ )z + —— — .
! 32 128 8
Hence ¢’’=—1/(2V2 + 32), etc. Finally
A2 sin 2z 2172 cos2z 1 32
Z=—— 4+ - )
22 g 8 21/2.32

n (sin 4z sin 2z> At 4
128 8
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The value of u may be found as before and is given by

x1/2 X3[2

2milu + ) = 212 21/2.3) too

When % has one of the other exceptional values it becomes necessary
to have recourse to the equation given hereafter for u(§ 10), the coefficients
of which become indeterminate for the exceptional values, but the indeter-

mination can be removed in the usual way.
10. It will now be proved that the exponent u may be determined by an
equation involving a series convergent for all values of A. It has been shown

(§ 7) that u,= [y.41] satisfies the equation
Un — Unil = Yni1¥ni2.
If #,=v,4,=v, then
Xl
G+r+DE+r+2)E—r+1D)(z—7r+2)

Vs = Vg1 = — Vsy2.

If

xh

#(z) =

z)

I{z + nNIl(z — 1) i

then ¢(z) satisfies the difference equation
2 ,2

A2

¢z+1) +o(z—1) = o(z).

If
f(2) = ¢(2)¢( — 2z — 1) — ¢( — 2)é(z + 1),

then it may be shown that f(z) =f(z—1)=f(—2z). This is evident since
¢(z) satisfies the equation above. If the sign of z is changed, ¢(z) satisfies
the equation

2 _ 2

x2

o(—z+1)+o(—z-1)= ¢(—2).

If (22—7?)/A? is eliminated the eliminant is
¢(2)¢(—2—1) —d(—2)d(z+ 1) = ¢(z — 1)¢( — 2) — ¢( — 2z + 1)¢(3),

or f(z) =f(z—1). It is evident at once that f(z) =f(—z). If z is replaced in
turn by p and by n#+pu it follows that
d(We(—p—1) —¢(—pwop+1) =¢(n+wée(—n—p—1)
—¢(—n—we(n+u+1).
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If u is a solution of the equations (§§ 4, 6)

.xolxo.

x11 X1 .

and

0 -1 1 90

=0,
0—11 %0

the quantities ¢(n+pu), ¢(—n—u)—0 as n—oo. This is evident for ¢(n+u).
It is also true for ¢(—n—pu), because from the form of the equations for u
it is seen that if u is a root of the equations, —u is also a root. u is in fact a
value such that ¢(n—pu)—0, ¢(—n—u)—0 when n—oo. The function f(u)
must then equal zero, or u satisfies the equation

o(we( —p—1) —¢( — wo(u+ 1) =0.

This equation in p if transformed by the introduction of the function v,
takes a simple form. For since

2z
¢(e) = 7z 4+ w(z —7r) b
)\—27)»+z'”—n-—:—1
() = lim {
no—o \I(n+24+d(n+z—(—n—2—14+)I(—n—3—1—7)
sz—n—svn+t+l
I(—n—z+nNI(—n—z—r)(n+z+14+n(n+z+1—7) }

Now if #»— o, v_,_, and v_,_,1—1, and

B | 1 Y-1 0
Ungs—>| * 0 -1 1 Yo - . ,
0 0—-—1 1 9y -

the infinite determinant of § 6. Moreover, since

-7
-

OEO(— 2 — 1) = —
sin 7z
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then
x—2
Orn+z+rNdn+z—rI(—n—3—14+I(—n—2—1—71)

_ sin7(z + 7) sin 7(z — 1)

’

w2
and
k2
I(—n—z4+I(—n—z—ln+z+1+rdn+z—1—1)
x2

Patz+tl4+nmtstnntz+l—nntz—r

If these results are substituted in the expression for f(z) it follows that

. . =1 1 9.0
sinw(z + r) sinw(z — 7)
f(s) = e 0=1 1 gy -|=0.

T2
0 0—11 g -

The determinant may be developed in a series of powers of A, the coefficients
of which are of the form given by the construction of [y.]. The equation for
u takes the form

(14 a\+ agh8 + - - ) sinw(u + r)sina(u — 7)= 0.

This may be written cos 2mu=cos 2wr —2bA*+2bs\8— - - - | where b=
—ay sin w(u+7) sin 7(u—r), and similarly for bs, - - -
The coefficients b4, - - - are independent of u. The coefficients a;, may
be written
+o0 w
(—1e E te Z Ypi%p14ps " " Yprtpat -0 +p-
Py=— Pe=2

The function of x under the summation sign is a rational function of u
having 4¢ poles for 2¢ of which -7 is an integer, and for the other 2g,
p—r is an integer. If a residue at a pole for which p—r is an integer is d,
the residue at a pole for which u+r is an integer is —d, since a4, is periodic
with period unity. Hence

ayg = (— orf[cot 7(u — r) — cot w(u + r)]d + C,

where C is independent of u. If p=il, then as l—, a,—0, cot m(u—r)
—cot m(u+r)—0, so C=0. Hence
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(— 1)9sin 2rx

sinw(u + 7) sinw(u — 7)

or by,=(—1)2d sin 2rm, which is independent of u.

The form of the coefficients & may be found more precisely as follows.
Let u=r+cA+ - - - =r+4w, where the coefficients are those of the branch
of u previously determined (§ 9); then

cos 2m(r + w) = cos 277 cos 2ww — sin 277 sin 27w
(27rw)?
= cos2mr {1 — 2 + -

<2":>‘+...}.

— sin 27y {21r'w -

If w is replaced by its value as a series in A the coefficients b may be de-
termined, and they are found to be of the form

bag = Cy(r) cos 2mr + S,(r) sin 2xr

where C,(r), S (r) are rational functions of . Hence finally

cos 2rp = cos 2mr + . ((— 1)2{Cy(r) cos 2xr + S,(r) sin 2xr }\4e .
g=1
This equation is valid for all values of A.

If r has one of the exceptional values, viz. if 2r=0, +# the form of the
functions C,, S, must be modified. The modification is found by evaluating
the coefficients Cy(r), S,(r) which are indeterminate. If r=0 the correspond-
ing branch of x which is found in § 8 may be substituted in the equation for
 giving in another way the result for this case.

11. The proof of the convergence of the series e+ ¥ 2c.e?* which was
postponed in § 6 may now be given. Consider the terms of the series
37 caets. The ratio of the (#+1)st term to the nth gives

c”+lez(n+1)- x,.+1(x,.+2)e"

cneln* (%ns1)

(see § 4). From the expansion of (x.) in a series
(%) =1 — Z X:i%ip1+ Z XiXip1Xi%p1 — *°°
[} >+l
and from the value of x;,
— 22
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it is evident that (x,)—1, n—o. Hence

c A2
n+1 22

o =(n-|-l+;z)2—r2

e*(14+¢ >0, n— o,

for every value of z. Therefore the part of the series where # is positive is

convergent.
The series 3, c_ne~2** is likewise convergent, u being a root of the

equation

d(we( —p—1) —¢(—wo(u+1) =¢(n —p)¢(—n+p—1)
—¢(—n+pé(n—p+1)=0;

because the ratio

6on1 o W(—ntp—-1)  dr—p+1)
——— -_— e = —__e z
Con o(—n+pu) é(n — p)

x2

(1 4+¢—>0,n— 0,

T mAlopror

Hence the series e2*Y."_ cqe?** is convergent for all values of z and therefore
satisfies the differential equation.
12. The form of the equation

cos 2mp = cos2mr + D, (— 1)» {C,.(r) cos 277 + S, (r) sin 21rr})\"'
nm=1

permits the determination of the character of the singular points of u
regarded as a function of N\. The singular points will evidently be those
values of X which make the right hand side equal to +1. Let Ao be such a
value. Then the equation becomes

cos2mp =+ 1 —aN—=Ng))+---,
or taking the plus sign
2sinru =a(N—Ng) + ---.

Therefore sin = (a1/2)* A =Xo)* [1+b (A\—Xo)+ - - - ]. By inversion
of series
n = 61()\ — )\0)1/2 + 53()\ —_ )‘0)3/2 F e

Hence the point \, has the character of a critical point. If cos 2mu=—1—
ai(A—=X¢)+ - - - a similar result follows.
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THE PERIODIC SOLUTIONS

13. That the differential equation of the elliptic cylinder has solutions
in certain cases which are not of the form which has been supposed as the
general one is usually assumed. A proof of the existence of these solutions
is given in § 17. These solutions occur when the parameters A and » have
particular relations to each other, and there exists a solution which is
periodic with period 7 or 2mi. Taking the equation in the trigonometric
form it will be written in what follows as

d?y
—= 4 (a + k?cos?z)y = 0.
dz?
The problem is to determine a in terms of % so that the equation has a solution
which has the period 7 or 2x. It was proved by Whittaker that the even
periodic functions satisfy the integral equation

+r
y(z) + N ek coszeos0y(6)dh = 0,

-

that the odd periodic functions satisfy the equation

+r
y(z) + )\f sin (& sin z cos 6) y(8)dé = 0,

-

and that both satisfy the equation

+r
3@+ [ ek sinesinty(e)an = 0.
These equations have solutions only when X satisfies the equation D(\) =0,
the equation for the characteristic numbers in the theory of integral equa-
tions.

When k=0 the solution of the differential equation of period = or 27 is
obtained by supposing a to be the square of an integer; these solutions
being 1, cos z, sin z, cos 2z, sin 2z, - - - . When k0 there exist solutions
for proper values of @ which reduce to these if £=0. These are denoted by
ceo(2), cei(z), sei(s), cexz), ses(z), etc.

These solutions could be calculated from the integral equation if A were
known. But it was shown by Whittaker that the early members of the
succession of functions can be found without knowing . His method succeeds
as far as ces(z), ses(z) but cannot be carried further, since to obtain the
terms of the Fourier series for ce,(2), se.(z), # 27, requires the solution of a
system of linear equations which involves a greater number of unknowns
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than of equations. This system might be extended to an infinite one but it
is not possible to obtain the solution. Another method must be followed
which is exemplified by the following determination of ceq(z).

14. Let

y = ceo(s) = @0+ azcos 2z + a4cosdz + - - -
be a solution of the differential equation. Then differentiating and sub-
stituting there results
—a(ag + a2cos 2z + ascosdz + - - - ) = — 223, cos 2z
—42g,cos 43 — - - - + k2[ao/2 + (ao/2) cos 2z + as/4 + (as/4) cos 2z
+ - - -+ (a2:/4) cos (2r — 2)z + (82:/2) cos 27z + (a2r/4) cos (2r + 2)z+ - - - ].

Equate coefficients of cosines of like multiples of z and the following equations
are obtained:

(e + %k2/2)ao + (k2/4)a, = 0,

(k2/2)ao + (a + k?/2 — 2%)a; + (k?/4)a. = 0,
(k*/4)as + (a + %2/2 — 4%)a, + (k2/4)as = 0,
(k*/4)as + (a + £%/2 — 6%)as + (k2/4)as = 0,

oooooooooooooooooooooo

......................

It is necessary to consider the determinants

D= a+ kY2,
2 2
D.=|° :,/kz/ ' . Z‘; | e w2 = 2t by - 202y,
e+ B2 B4 0
Ds=| #/2 a+#/2-20 R4
0 k?/4 o+ kY2 — 42
= (0 + Y2 = (22 + 49(a + KD+ (24 — 3(4/D)Y(a + #/2)
+2-42(/2)1,
a+ k%2 k2/4 0 0
k2/2 a+ k2/2 — 22 k2/4 0
‘= 0 k2/4 e+ B2 -4 k24

0 0 k%/4 a+ k2 — 62
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= (a + k2/2)* — (22 + 42 + 6%)(a + £%/2)?
+ (2242 + 2246 + 4267 — 4(k/2)")(a + £*/2)*
— {22-42.62 — (22 + 2:4% + 3+6%)(k/2)*}(a + F%/2)
— 2-42:6%(k/2)* + 2(k/2)",

THE EQUATION OF THE ELLIPTIC CYLINDER

o+ kY2 kY4 0 0 0
B/2 o+ E/2-20 k4 0 0
Dy = 0 B/4 o+ E2—4 kY4 0
0 0 £Y/4 o+ EY2—6* kY4
0 0 0 £Y/4 o+ k2/2 — 8t

= (a + ka/2)8 — (22 + 42 + 6% + 82)(a + k2/2)*
4+ {22042 4 22-6% + 42+62 + 22+ 82 + 42-8% 4 62-8?
— 5(k/2)*} (a + k2/2)® — {2242+ 62 22442+ 82 22+ 6282
442062082 — (2222 + 3+42 + 362 + 4-8%)(%/2)*}(a + E%/2)?
+ {22442:6782 — (22442 4 22482 4 2204262 + 22+42- 82
+ 31462 8%)(k/2)* — 5(k/2)*} (a + k*/2)
+ 2042462 8%(k/2)4 — (2°42 + 2+ 8?)(k/2)*.
These determinants are connected by the relation
D, = {o+ ¥/2 — (2n — 2)*} D,y — (/9D

as may be verified by expanding D, in terms of the last row. The quanti-
ties D, regarded as functions of a have the characteristics of a Sturmian series.
D, is of the nth degree in @, and the coefficient of ¢» is +1. Moreover it is
evident from the recurrence relation if D,_,=0 that D, and D, have op-
posite signs. Denote the number of variations of sign when a is put =+
in the succession D,D,_; - - - Di\Do(Doy=1) by V.., and when a=—
by V_, and it is evident that V_,—V,.,=n. Hence the equation D,=0
has # real roots; it also follows that D, and D, have unlike signs just before
each of the # roots of D, =0 and like signs immediately after.

It will be proved in § 17 that the quantities @, @, as, - - - are power series
in k2 where a, may be put equal to unity. If it be assumed that a solution
ceo(z) exists which reduces to unity when k=0, it follows that a=(k?),
as=(k?), - - -, as=(k?), where the notation (k") means divisible by &=
Since a+%%/2= —(k%/4)a,, then a+k2/2=(k*). If now the solution of the
first 7 equations is expressed in the form
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Qog:Q2: * * * 102
o+ kY2 k4 0 - ) .
B2 o+ kY/2-20 /4
= 0 B4 o + kY2 — 4.

B4 a4 B2 — 2n— 2)? kY4

it appears that
Aap 4D,

ag k2n

But as./a0=(k?); hence D, = (k2+2).

This allows the calculation of the successive terms of ¢ as follows. Put
a+k?/2=ck*+4 - - - ; substitute in D, and require that the result shall have
the form (k®). This gives (ck*+ - - - —4) (ck*+ - - - )—k4/8=(k?), or
—4¢—1/8=0, 0r c= —1/32. Next substitute in D; for a+%2/2 the expression
—(1/32)k*+-ck®+ - - - and require that the lowest power of k2 which appears
shall have a vanishing coefficient. This power is multiplied by 22<42-c.
Hence ¢=0. The process may be continued; at each stage a new coefficient
is found unambiguously, and finally the expression for ¢ in powers of k.

15. When a is known the coefficients a,, a4, - - - are at once determined,
but it is preferable to arrange the series for cey(z) in powers of %, or to put

ceo(z) =1 4 bok? + bukt 4+ - - -,

where b, by, - - - are finite trigonometric series. Substitute in the differential
equation and give a the value just found in powers of .. There results

Bi"R2 b B+ -+ -+ (et EY/2) (1 + bok? + bkt + - - )
+ (B2/2)(1 4 bgk? + bak* + - - - ) cos 2z = 0.

If the coefficients of k2, k¢4, - - - are equated to zero, a system of linear
differential equations with constant coefficients for by, by, - - - results:

by’ + 3cos2z =0,

1 1
by’ — §+_2bz cos2z =0,

This simultaneous system may be solved, and the complementary functions
must be put equal to zero to obtain ceo(z). It isfound that

ceo(z) = 1 + (k?/8) cos 2z + (k*/2°) cosdz + - - - .
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The value of a is equal to

7
= — kY2 — R4S 0k — —— B 4 - -,
a / /28 + Pl
It is necessary to examine the statement made above that the values of
the coefficients found for the expansion of a are determined unambiguously.
The development of a has been obtained by substitution of the series

Ck? 4 - Gk A o R 4

for a, and by determination of ¢i, - - -, ¢, so that D,=(k?+?). For example
if for a is substituted

— B2 — (1/32)k + 0B + cab® + - - -

it is found that
D, = (B), Dy = (), Dy = (k%);
but
Dy = (a + k2/2 — 6°)D; — (k%/2)D, = (k8),

and these equations are true whatever c;. If ¢4 can be determined to make
D;=(k1), it follows that D,=(k'?), since (k%/4)?D,=(k°). When k2=0,
the roots of D, =0 are distinct. Then from the principles of algebraic func-
tions, there exists a unique series cik?2+ - - - which expresses that root of
the equation D, =0 which vanishes with 22. The coefficients of this series
may be determined seriatim by the conditions that D,=(k?), D,=(k%),
etc. Applying this theorem to D, it follows that the coefficients of the
first three terms are —1/2, —1/32, 0. Hence it must be possible to determine
¢4 50 as to make D,=(k1°). The subsequent terms in the expansion of a may
be similarly determined.

The quantities as,, D, are really divisible by higher powers of £ than has
yet appeared; in fact @z = (k?*) and D,=(k*"). This may be proved from
the system of equations for b,, b4, etc., which are

bs" + cnbo + cnrbzs + cn2bs+ - - -+ Cobaa—a 4 § (COS22)b3n =0 (n=1,..")

where a+k2/2=ck*+ - - -, c1=0, bo=1. It is evident that b,, is the first
unknown which involves cos 2nz, so that k2 is the lowest power of £ which
occurs in the coefficient of cos 2#z; hence aa, = (k2"). Since

aon 4"D,.
— =+t —

ao - k2n

it follows that D,, = (k¢»).
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16. The method of determination of ceo(z) may be applied to the cal-
culation of all the functions cey(z). Consider the next even function of
period =, and write

ces (z) = ao+ azcos2z+ - - -,

In the system of equations for @, as, - - - (§ 14), put as=1. When k=0,
a reduces to 22 and a,, a4, a5 vanish, and so are of the form (k2). Upon refer-
ence to the solution given for ao, - + -, @, it is evident that D,=(k"),
n2>2. This allows the calculation of @ by a method analogous to that used
in the case of ceo(z). From the first equation, ao=(k?). Substitute in the
second and it follows that a+%2/2—22=(k%). Put

a=22—-k2/2+ck‘+°°°,

and since D;= (k) whatever ¢, make D;=(%%). Then

Put

and make D= (k%). Then ¢=0, etc. Hence

2

=4 —
¢ 2 T3

EA4 0k + - - -,

It is needless to repeat the arguments which justify this procedure. The
function cey(z) is determined by a system of differential equations as was
ceo(z) ; the result is

k2 4
cez(z) = cos 2z + —2—;(cos 4z — 2) + R cos6g 4 ...

The results of calculation are here illustrated; ¢ denotes the value
of a for ce,(z) and g, the value of @ for the nth odd function se.(2):

a‘°)=—k‘/Z—k‘/Z“-I—O'k“-l-"',

3 1 1
a(l)=1_zk2__k4+_ RS 4 - - o,

27 30212

S
B4 OkS 4 -,

1
e® =4 — —p?
PR
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a® = g_ikz__l.k4_.__l_ke+
2 212
1 1 11
aW =16 ——k2 — — “ B4 ...

2 26¢15 2945
an =1-— k’/22— k‘/27 + .-,
ceo(z) = 1 + (k2/8) cos 2z + (k4/2°%) cos 4z + - -
cei(z) = cos z + (k2/2%) cos 3z + (k*/21%)(cos 5z — (1/3) cos 3z) + -+,

4

cea(s) = cos 2z +(k2/25)((2/3) cos 45 — 2) + s kzm

cos 68 + - - -,

ces(s) = cos 3z + (k2/25)(— cos z + } cos 52)
+ (k*/21%(cos s + (1/10)cos 7z) + - - -,

ced(s) = cos 4z + (k2/25)((2/5)cos 65 — (2/3)cos 22)

1
210 (—cos8z+—cosZz+ 3) + -,

se;(z) = sinz + (k’/Z‘)sin 3z+ (k‘/21°)((1/3)sin 5z 4+ sin 3z) + - -

The differential equation

2
—= + (a + k2cos?z)y =0
dz?
can be transformed into itself. Put z=3"+m/2; then

d
4 + (a + k2/2 — (k?/2)cos*z’)y = 0.
dz'?

This transformation makes possible the calculation of a second function and
a second value of @, when a first function and a first value of @ are given.
For example if the transformation is applied to cey(z) there results the func-
tion —se;(2), and a is transformed into aq), etc.; ceo(s) and a, are ex-
ceptional. It is evident that on replacing z by z'4w/2 and k* by —&?,
ceo(z) is transformed into itself. Hence a, is transformed into itself. But
this proves that all powers of % in a, after the first term are of the form 4x.

* These calculations have been carried further by Dr. Saund, in his doctor dissertation at the
University of California.
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17. The assumption has been made, in what precedes, that periodic
solutions exist, and that the quantities a, - - - , @., - - - are analytic functions
of k. It remains to justify these assumptions. In what follows two proofs
of the existence of periodic solutions will be given. It may be seen that
periodic solutions exist for every value of k2. For consider the equations
an+ax=+2 (§7) in which A= —%2, and A= —a. For a given value,
A=DX\o, an+ax is an integral function of 4. In accordance with the general
theory of Picard,* if one of these equations has not an infinite number of
solutions the other one has an infinite number. If the equation a,+a»=2
has an infinite number of solutions there exists for the value A =X\, an infinite
number of functions having period 7. If a1+ a2 = —2 has an infinite number
of solutions, there exists an infinite number of functions f(x) such that
flx+m)=—f(x), or f(x+27)=f(x). Hence there exists for all values of A
an infinite number of functions having the period = or 27. This theorem is
not sufficient to prove the existence, for all values of k2, of the functions
ceq(2), seq(2) for which formal developments have just been obtained.

A determination of all periodic solutions of the differential equation
will now be given in the form of a proof that the series for ce.(z), se.(z)
and a™, a(, converge for all values of k2. Write the system of equations for
@, Gy, - - - as follows. Put

k2
4(a + E2/2 — (21)%)
and a+k2/2=v; then the equations beginning at the third are

Xn,y

x201 + ¢ + x2c3 = 0,

%3¢z + ¢3 + x3c4 = 0,

where ¢, =as,. This is a system of the same form as that previously treated
(§4). A solution such that ¢,—0 was found to be given by

C1:C2s = " Cpes * + + = (xg): - xz(xa): e :(— 1)"x2 e x,.+1(x,.+2): e

It is supposed that v (2n)? so that x,7 . Substitute the values of ¢, c:
in the first and second equations (§ 14) and they become

1x2
vao + (/4| - - - - - |=0,

* Picard, Traité d’ Analyse, vol. 3, p. 346.
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1 x - . 1 a3
(B/ao+ (v—28)| - - . . |—ak/4)| - - - - |=0.

Eliminating a, there results
1 X2 . 1 X3 - . 1 X2

o—29- - - | —xpGr/e)|. - - |-@y®)]- - - -|=0.

This may be written in the form

a+ kY2 k2/4 0 00
k2/2 a4+ k2/2-22 k%4 0 O
d= 0 X2 1 220 - -1=0.
0 0 %3 1 x3 -

If D,=(a+k2/2—42) (a+£k2/2—62) - - - (a+k?/2—(2n—2)?)d,, then d,—d
as n—o. This follows since

o+ k2/2 k%/4 0 00
k2 o+ E}/2-—12% E2/4 0 O
0 X9 1 %2 0
d, =
0 0 X3 1 X3 -
0 0 . . . . x”_ll

This determinant is convergent as may be seen on applying the test for
convergence used in § 2. Hence d,—d, n—x. The equation for v given above
may evidently be written v=P;(v, k?) where every term in Pi(v, k2) is
divisible by either 22 or k%; hence v =P(%?) and it is clear that P (k%) = (k).
The value of @ corresponding to v is therefore —k2/2+cki+ - - -, the
terms of which have been calculated above (§ 14). It will be seen that
the equation d =0 has an infinite number of real roots of which this value
of a is the first, and they reduce when k=0 to 0, 22, 42, - . .. This is
proved in the following way. If the determinant d is expanded in terms of
the row containing «, the equation d =0 may be written in the form

v — (2n)2 = Pi(v — (2n)2, &%),
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where every term in P,(v—(2n)2, k?) is divisible by (v—(2#)?) or k2. Ac-
cordingly v— (2n)2=P(k?), or

o = (2n) — /2 + P(R?).

These values of ¢ may all be calculated from the equations D,=0 in the
manner carried out in § 14.

In this way the roots which tend to (27)? as k—0 are found. It may
be proved that there are no others, or more precisely, no root of the equation
d=0 tends to a limit, /5 (2%)?, and no root increases indefinitely as 2—0.
The first statement is true since ¢ and k2 satisfy the equation ay;+a»x—2=0.
If a root of this equation in a is bounded as £—0 it must have a limit. This
limit is a root of the equation @i;+as2—2 =0 in which & has been put equal
to zero. Further a root of the equation d=0 cannot —« when 2—0. If
v—oo then |v| takes the value (2p+1)? infinitely often, and

[v— @m2| = ||v] — @n)?] = | 2p + 1) — (2n)2].

The least value of this quantity for a given p is furnished by #=p, so that
|o—(2n)?| 24p+1; hence x,—0 for these values of |v|. But the equation
d=0 may be written

1 X0 0

) e Y
0 X2 1 X2 . . . ’

and cannot be satisfied if || =2p+1, p— . Hence as £—0 the roots of
d=0-0, 2?2, 42, . . .. The same reasoning shows that when 2—%,70 no
root of the equation d=0—00.

If a value of ¢ satisfying d=0 is obtained the values of the coefficients

s, a4, - - - are given in two different forms in what precedes, viz.
4D,
azn=("’1)" (”=0)11"'9D0=1)’
k2n
and as, =c¢»/co where
Cp = (‘— 1)7‘x2’ sy, x”+1(x”+2) (" = 1’2’ .. .)’

k2

Taerapt T T

Co

The series 1+a, cos 2z+ - - - is convergent because the ratio
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A2q X3 xn+l(xn+2) xn+l(xn+2)
n = = — = =) n>1;

Gan—2 %3 -+ * Zn(Xns1) (xn+1)

and since (x,)—1 as n— it follows that
k2
" afa+ kY2 — (20 + 2)2)

Hence the series 1+a; cos 22+ - - - converges for all values of z.

By a similar reasoning the existence of the odd functions as well as those
of period 27 may be proved.

It has been assumed in the preceding analysis that a-k2/27(2n)%.
If a+%2/2=(2n)? the proof of convergence may be effected by beginning
at the nth equation for a,, as, - - - and expressing the solution of the system

Tn =

+ e.

Xn+1Cn + Cntl + Xnt+1lnt2 = 0,

Znt2Cns1 + Cnt2 + Tni2Cass = 0,

in the same manner as before.

The functions denoted ce,(z), se.(z) are obtained from the expressions
just given for the periodic solution by dividing by the coefficient of cos 7z
or of sin 73, so that these terms have coefficients equal to unity. This division
is possible if % is sufficiently small since the divisors are 0.

Finally the existence of periodic solutions has been proved and expressions
for all of them for all values of k2 have been determined.

18. The series obtained for the quantities ¢ and the periodic functions
converge if k is sufficiently small, but the radius of convergence has not been
found. Consider the values of @ which belong to cez(2) ; it may be proved that
the singular points of ¢ are those values of k for which two or more values
of a coincide. For if ko is the singular value of & then when k—k,, it was
proved above that ¢—1, a finite value; and if the values of a corresponding
to k=Fk, are distinct, each of the values of a is by the theory of implicit
functions a series of integral powers of £—£,. But the value k, would not
be singular if the values of @ are so expressed; hence the values of ¢ are not
distinct if & =k,. v

If f.(3), f=(2) are two periodic functions corresponding to two values of
a which become equal, then f,(z) =pfm(2), p independent of z, when k=£k,.
Since by the theory of integral equations

[ starsmras = o,
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it follows that if 2=*%,,
fﬁ@&:m

The value of this integral may be expressed in terms of a,, a,,
f fR(2)dz = (1 + 3af + $al + - - - )2r.

Hence if for k=%, two values of ¢ become equal, and if in
4~D,

om = (= 1) k2n

)

the value with which they coincide is substituted, then

1+ 40 +3ad +---=0.

[October

. giving

It follows that the singular values k¢ are not real. To prove this it is necessary
to prove first that if k2 is real the values of a are real. Suppose that for a real
value of %2, a has the value a’+44a’’ and y has the value y;+2y.. Then

y1" + iy + (0' + ia” + kacos?z)(y1 + iys) = 0,

or
1" + (¢’ + k% cos?z)y, — a”’y, = 0,

2" + (a’ + k2cos?z)ys + o'y = 0.
It follows that

d
d—z(yzy{ — ywyi) = a"(y + 34),
and integrating from 0 to = that
0= a”f (y2 + y¢)dz
0

since ¥ and y, have the period =. Hence a’’ =0 or a is real.
real, a,, is real so that

1430 + a2 + - #0.

If a and k2 are

Hence k¢ is not real if %, is a singular value. Since the singular values of
k correspond to equal values of a the equation d =0 cannot have a multiple

root if k2 is real.

A numerical estimate of the values of k2 and a which are singular may
be found from the polynomials D, by finding the values of k2 for which
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the equation D,=0 has coincident roots. It appears that approximately
k*=5.8 7, a=2.1—2.9; for the singular point nearest zero.

19. The equation of the elliptic cylinder cannot have two periodic
solutions of period 7 or 74 for the same values of @ and %2, If =0 two solu-
tions are given by the formulas

1 =
f@z) = +0) §¢(n)fn(xe )Ta(Ne?)

1 =
¥(s) = m Eq&(n)],.()\e YKn(Ne*).

The second solution is distinct from the first, since
Ko (x) = ¢ (log x)J (%) + Pa(x),

where ¢ is not zero and P,(x) is a power series in . This solution does not
vanish identically since this would require ¢(n) =0 for every n. Since every
solution is a linear combination of f(z) and ¥(2), and siuce every solution is
periodic if two independent solutions are periodic, ¥(z) must be periodic.
But

+
¥(2) = ¢ (log Ne*f(2) + D2d(m)Ja(Ae=*) Pa(he?),

which is not periodic. Hence the equation of the elliptic cylinder never has
two independent periodic solutions.

An incidental result of the theorem that two values a@s), @¢@m) cannot
coincide when k2 is real is that aem >aew if m>n. For if aem <aem for
any value of %, letting k2 diminish to zero, there must for some value of
k? be found the equality @@m =@@m), since when k2=0, @@em =2m? and
aem =(2n)%. But a@m)#aes for any real value of k2. Hence a@m >aam if
m>n.

It may further be proved that if k2 is real the value of da/dk? is negative.
First it may be proved that da/dk?50 for any real value of k2. For suppose
da/dk*=0 and let w=dy,/dk? where y, is a periodic solution. Then if y.
is an independent solution it may be supposed that y,=2y,+ys where y;
is periodic. The function w must satisfy the equation

2

dzt + (a + k2cosz)w = — y,cos?z,
2
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and the solution of this equation is known to be

w= Ay + 2 f — (cos?z)y:%dz + By, — EL f — (cos? 3) y1y:ds,
c c

where

dyz dy1
= y1——— y3—— % 0.
eI T
If
— (cos?z)y,2 = Ao+ A1cos2z + - - -
it is found that

w = 342y, + 2F(3) + G(2),

where F(z) and G(z) are periodic functions of z. Hence if w is periodic, 4,=0.
But

1 2r
Ay = — —f (cos? ) y,%dz,
27!' 0
hence
2r
f (cos?z)yldz =0
0

which is impossible if k2 is real. Hence da/dk*#0. The values of da/dk?
when 2=0 are known however from the series for @, viz., —%2/2—-%4/32,

1—-3k2/4— - - -, and are seen to be —1/2, —1/3, —1/2, - - -, the values
being —1/2 after the second. Hence da/dk?<0 for all real values of %2,
which was to be proved.
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